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%-upper continuous functions

I Definition ([4])
Let E be a measurable subset of R, let x ∈ R and let 0 < % < 1. We say
that the point x is a point of %-type upper density of E when
d(E , x) > %.

I According to [3], d(E , x) = max{d−(E , x), d+(E , x)}, where

d
+
(E , x) = lim sup

t→0+
λ(E∩[x,x+t])

t and d
−
(E , x) = lim sup

t→0+
λ(E∩[x−t,x])

t ).

I Definition ([4])
Let % ∈ (0, 1). A function f : I → R is said to be %-upper continuous at
x ∈ I if there is a measurable set E ⊂ I such that the point x is a point
of %-type upper density of E , x ∈ E and f |E is continuous at x. If f is
%-upper continuous at every point of I we say simply that f is %-upper
continuous.

I We will denote the class of all %-upper continuous functions by UC%.
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I Theorem ([5])
Let 0 < % < 1 and let f : I → R be a measurable function. Then f is
%-upper continuous at x ∈ I if and only if

lim
ε→0+
d
(
{y ∈ I : |f (x)− f (y)| < ε}, x

)
> %.



O’Malley %-upper continuous functions

I Definition
Let % ∈ (0, 1). A point x0 is said to be a point of %-type upper density in
O’Malley sense on the right of a measurable set E if for each ε > 0 there
exists δ ∈ (0, ε) such that the inequality

λ (E ∩ [x0, x0 + δ])

δ
> %

holds.
I Similarly, we define left-sided O’Malley %-upper density and x0 is a

point of %-type upper density in O’Malley sense of a measurable set
E if and only if it is a point of %-type upper density in O’Malley
sense of E on the right or on the left.



I Definition
Let % ∈ (0, 1). A function f : I → R is said to be %-upper continuous in
O’Malley sense at x0 ∈ I (f is O’Malley %-upper continuous at x0, in
abbreviation) if there exists a measurable set E ⊂ I containing x0 such
that x0 is a point of %-type upper density in O’Malley sense of E and f |E
is continuous at x0. A function f is said to be O’Malley %-upper
continuous if it is O’Malley %-upper continuous at each point x ∈ I .

I We denote the class of all O’Malley %-upper continuous functions by
OUC%.
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I Corollary
Let 0 < %1 < %2 < 1, f : I → R and x0 ∈ I . If f is %2-upper continuous in
O’Malley sense at x0, then f is %1-upper continuous at x0 in O’Malley
sense.

I Corollary
Let 0 < % < 1, f : I → R and x0 ∈ I . If f is %-upper continuous at x0,
then f is %-upper continuous in O’Malley sense at x0.
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I Theorem
Let % ∈ (0, 1). A measurable function f : I → R is %-upper continuous in
O’Malley sense at x0 ∈ I if and only if for each ε > 0 and δ > 0 there
exists η < δ such that

λ ({x : |f (x)− f (x0)| < ε} ∩ [x0, x0 + η])

η
> %

or
λ ({x : |f (x)− f (x0)| < ε} ∩ [x0 − η, x0])

η
> %.



O’Malley [0]-upper continuous function

I Definition
A function f : I → R is called [0]-upper continuous in O’Malley sense at
x0 ∈ I (f is O’Malley [0]-upper continuous at x0, in abbreviation) if there
exists % > 0 such that f is O’Malley %-upper continuous at x0.

I We denote the class of all O’Malley [0]-upper continuous functions
by OUC[0].

I Corollary⋃
%∈(0,1)OUC%  OUC[0].

I Theorem
If f ∈ OUC[0], then f is measurable.



O’Malley [0]-upper continuous function

I Definition
A function f : I → R is called [0]-upper continuous in O’Malley sense at
x0 ∈ I (f is O’Malley [0]-upper continuous at x0, in abbreviation) if there
exists % > 0 such that f is O’Malley %-upper continuous at x0.

I We denote the class of all O’Malley [0]-upper continuous functions
by OUC[0].

I Corollary⋃
%∈(0,1)OUC%  OUC[0].

I Theorem
If f ∈ OUC[0], then f is measurable.



O’Malley [0]-upper continuous function

I Definition
A function f : I → R is called [0]-upper continuous in O’Malley sense at
x0 ∈ I (f is O’Malley [0]-upper continuous at x0, in abbreviation) if there
exists % > 0 such that f is O’Malley %-upper continuous at x0.

I We denote the class of all O’Malley [0]-upper continuous functions
by OUC[0].

I Corollary⋃
%∈(0,1)OUC%  OUC[0].

I Theorem
If f ∈ OUC[0], then f is measurable.



O’Malley [0]-upper continuous function

I Definition
A function f : I → R is called [0]-upper continuous in O’Malley sense at
x0 ∈ I (f is O’Malley [0]-upper continuous at x0, in abbreviation) if there
exists % > 0 such that f is O’Malley %-upper continuous at x0.

I We denote the class of all O’Malley [0]-upper continuous functions
by OUC[0].

I Corollary⋃
%∈(0,1)OUC%  OUC[0].

I Theorem
If f ∈ OUC[0], then f is measurable.



I Theorem
Let f : I → R be a measurable function and let x0 ∈ I . The following
conditions are equivalent

1. function f is [0]-upper continuous in O’Malley sense at x0,
2. there exists measurable set E ⊂ I such that x0 ∈ E, f |E is

continuous at x0 and d(E , x0) > 0,
3. lim
ε→0+

d
(
{x ∈ I : |f (x)− f (x0)| < ε}, x0

)
> 0.

4. there exists 0 < % < 1 such that f is %-upper continuous at x0



Maximal additive families

I Let F be any family of real valued functions defined on I . The set
Ma(F) = {g : ∀f∈F f + g ∈ F} is called a maximal additive family
for F .

I Theorem
Let % ∈ (0, 1). ThenMa(OUC%) = C.

I Theorem
Ma(OUC[0]) = A.
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Maximal multiplicative families

I Let F be any family of real valued functions defined on an open
interval I . A set Mm(F) = {g : ∀f∈F f · g ∈ F} is called a maximal
multiplicative family for F .

I Let f : I → R. Then

I Dap(f ) is the set of points at which f is not approximately
continuous,

I D(f ) is the set of points at which f is discontinuous,
I Nf = {x ∈ I : f (x) = 0}.
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I Definition
Let Y(%) be a family of all measurable functions f : I → R such that at
each x0 ∈ D(f ) the following two conditions hold

(Y1) f (x0) = 0,
(Y2) x0 is a point of %-type upper density of {x ∈ I : f (x) = 0}.

I Theorem
Let % ∈ (0, 1). ThenMm (OUC%) = Y(%).

I Corollary
Let % ∈ (0, 1). Then C  Y(%).
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I Definition
Let Z([0]) be a family of all measurable functions f : I → R such that at
each x0 ∈ Dap(f ) the following two conditions hold

(Z1) f (x0) = 0,
(Z2) for each measurable set E such that E ⊃ Nf and d(E , x0) > % we

have
lim
ε→0+

d(E ∩ {x ∈ I : |f (x)− f (x0)| < ε}, x0) > 0.

I Theorem
Mm

(
OUC[0]

)
= Z([0]).

I Corollary
A  Z([0]).
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