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symmetric wrt. the midpoint
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e g(x) = f(x) + f(a + b — x) — the symmetrization of f
o

e g is symmetric wrt. the midpoint
* g(a) = g(b) = f(a) + f(b) and g(%4>) = 2f(42)
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e g(x) = f(x) + f(a + b — x) — the symmetrization of f
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e g is symmetric wrt. the midpoint
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Symmetrization of a convex function

Suppose f is convex on [a, b].
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Hermite-Hadamard inequality by symmetrization

Suppose f is convex on [a, b].
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The inequality 0 < LHH < RHH is optimal

LHH LHH

RHH

LHH = RHH
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Symmetrization of the function f:S — R

F(x) = f(oo(x)) + f(o1(x)) + f(02(x))

tovo + t1vi + t2va = oo(x)
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Hermite-Hadamard inequality

S C R? - a simplex (a triangle) with vertices v, v7,Vv, and
barycenter b, f: S — R — a convex function

1
vol(S)

f(vo) + f(v1) + f(v2)

(b) < 3

L f(x)dx <
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® Volume between the base and the surface

The proof goes by
symmetrization F.

0< J F(x) dx — F(b) - area(base)
s

= area(base) - LHH(F)
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e Hence 0 < LHH(F) < 2RHH(F).
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e Hence 0 < LHH(F) < 2RHH(F).

e By the properties of symmetrization it is trivial to check
that this implies 0 < LHH(f) < 2 RHH(f).
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e Hence 0 < LHH(F) < 2RHH(F).

e By the properties of symmetrization it is trivial to check
that this implies 0 < LHH(f) < 2RHH(f).

e The surface of a pyramid is a graph of a convex function.
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Hence 0 < LHH(F) < 2RHH(F).

By the properties of symmetrization it is trivial to check
that this implies 0 < LHH(f) < 2RHH(f).

The surface of a pyramid is a graph of a convex function.

e Moreover, in this case we get equality above.
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Hence 0 < LHH(F) < 2RHH(F).

By the properties of symmetrization it is trivial to check
that this implies 0 < LHH(f) < 2RHH(f).

The surface of a pyramid is a graph of a convex function.

e Moreover, in this case we get equality above.

That is why the inequality in question is optimal.
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® Vy...,vn € R" affinely independent
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Symmetrization — n variables ety p?

of Bielsko-Biala

-
XL

® Vy...,vn € R" affinely independent

e S =conv{vy,...,vn} — a simplex with barycenter

-] n
b= — % v
n—Hév1
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e S =conv{vy,...,vn} — a simplex with barycenter
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of Bielsko-Biala

® Vy...,vn € R" affinely independent

S = conv{vy,..., v} — a simplex with barycenter
-] n
b=——)) v
n+1 ; h
n

Sox= Ztivi uniquely with t; <0, tg+---+t, =1
i=0
C — the set of all cyclic permutations of {0,...,n}
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of Bielsko-Biala

Symmetrization — n variables ety p?

® Vy...,vn € R" affinely independent

S = conv{vy,..., v} — a simplex with barycenter
-] n
b=——)) v
n+1 ; h
n

Sox= Ztivi uniquely with t; <0, tg+---+t, =1
i=0
e C — the set of all cyclic permutations of {0,...,n}

We identify o € C with the affine transformation 0:S — S
given by

n

G(i tivi) = Z tgmvi
i=0

i=0
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Symmetrization — n variables ety p?

of Bielsko-Biala

Return for a while to n = 2.

0o = 012 , 01 = 012 , 0= 012 , C={op,07,02}
012 120 201
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Symmetrization — n variables ety p?

of Bielsko-Biala

Return for a while to n = 2.

0o = 012 , 01 = 012 , 0= 012 , C={op,07,02}
012 120 201

oo(tovo + t1vy + tova) = tovo + t1vi + tava
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Symmetrization — n variables ety p?

of Bielsko-Biala

Return for a while to n = 2.

0o = 012 , 01 = 012 , 0= 012 , C={op,07,02}
012 120 201

oo(tovo + t1vy + tova) = tovo + t1vi + tava

o1 (tovo + t1vi + tova) = tyvo + tavi + tov2
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Symmetrization — n variables ety p?

of Bielsko-Biala

Return for a while to n = 2.

0o = 012 , 01 = 012 , 02 = 012 , C={op,07,02}
012 120 201

oo(tovo + t1vy + tova) = tovo + t1vi + tava
o1 (tovo + t1vi + tova) = tyvo + tavi + tov2

02 (tove + t1vy + tova) = tovo + tovi + tiva
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Symmetrization — n variables ety p?

of Bielsko-Biala

-
XL

For f: S — R and o € C put fs(x) = f(o(x))
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Symmetrization — n variables ety p?

of Bielsko-Biala

-
XL

For f: S — R and o € C put fs(x) = f(o(x))

Symmetrization and its properties

F:S—>R, F= Z fs symmetrization of f: S — R
ocC

Sz. Wasowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 16/19



of Bielsko-Biala

Symmetrization — n variables ety p?

For f: S — R and o € C put fs(x) = f(o(x))

Symmetrization and its properties

F:S—=R, F= Z fs symmetrization of f: S — R
ocC

e F is symmetric wrt. the barycenter, i.e. F(o(x)) = F(x),
xeS, oeC
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Symmetrization — n variables ety p?

of Bielsko-Biala
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XL

For f: S — R and o € C put fs(x) = f(o(x))

Symmetrization and its properties

F:S—=R, F= Z fs symmetrization of f: S — R
ocC

e F is symmetric wrt. the barycenter, i.e. F(o(x)) = F(x),
xeS, oeC

e F(vi) =) f(w) and F(b) = (n + 1)f(b)
k=0
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Symmetrization — n variables ety p?

of Bielsko-Biala

I

For f: S — R and o € C put fs(x) = f(o(x))

Symmetrization and its properties

F:S—=R, F= Z fs symmetrization of f: S — R
ocC

e F is symmetric wrt. the barycenter, i.e. F(o(x)) = F(x),
xeS, oeC

e F(vi) =) f(w) and F(b) = (n + 1)f(b)
k=0

. L fe(x)dx = L f(x)dx, 0 € C
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of Bielsko-Biala
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For f: S — R and o € C put fs(x) = f(o(x))

Symmetrization and its properties

F:S—=R, F= Z fs symmetrization of f: S — R
ocC

e F is symmetric wrt. the barycenter, i.e. F(o(x)) = F(x),
xeS, oeC

e F(vi) =) f(w) and F(b) = (n + 1)f(b)
k=0

. L fe(x)dx = L f(x)dx, 0 € C

o J F(x)dx=(n+1)J f(x) dx
S S
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Symmetrization — n variables ety p?

of Bielsko-Biala

-
XL

Symmetrization of a convex function

Assume that f: S — R is convex.
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Symmetrization — n variables ety p?

of Bielsko-Biala

-
XL

Symmetrization of a convex function

Assume that f: S — R is convex.

e f;is convex, o € C
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Symmetrization — n variables ety p?

of Bielsko-Biala

-
XL

Symmetrization of a convex function

Assume that f: S — R is convex.
e f;is convex, o € C

e The symmetrization F = Z fs is convex
oeC

Sz. Wasowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 17/19



Symmetrization — n variables ety R?H

of Bielsko-Biala

Hermite-Hadamard inequality

S C R™ — a simplex with vertices vy, ...,v, and barycenter b,
f:S — R — a convex function

1 f(vo) + -+ f(vn)
flb) < s L oo de < O
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Symmetrization — n variables i R?

Hermite—Hadamard inequality

S C R™ — a simplex with vertices vy, ...,v, and barycenter b,
f:S — R — a convex function

1 f(vo) + -+ f(vn)
vol(S) L flx)dx < N+

The inequality between LHH and RHH terms

f(b) <
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Symmetrization — n variables ety R7H

of Bielsko-Biala

Hermite—Hadamard inequality

S C R™ — a simplex with vertices vy, ...,v, and barycenter b,
f:S — R — a convex function

1 f(vo) + -+ + f(vn)
< — <
fb) < oISy L fl) dx < N+
The inequality between LHH and RHH terms
1
' s L () dx — £(b) LHH
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Symmetrization — n variables ety R7H

of Bielsko-Biala

Hermite—Hadamard inequality

S C R™ — a simplex with vertices vy, ...,v, and barycenter b,
f:S — R — a convex function

flb) < s L f de < (DT D)
. VO;( S L f(x) dx — f(b) LHH
o flo) +n‘; - W) Vol]( 5 L f(x) dx RHH
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Symmetrization — n variables . P77H

of Bielsko-Biala

Hermite—Hadamard inequality

S C R™ — a simplex with vertices vy, ...,v, and barycenter b,
f:S — R — a convex function

1 f(vo) + -+ f(vn)
vol(S) L flx)dx < N+

The inequality between LHH and RHH terms

L J f(x)dx — f(b) LHH
S

f(b) <

* vol(S)
f(vo) 4+ - 4+ f(vn) 1
* n+1 ~ vol(S) Sf( x)dx RHH

e f:S - R convex =— 0 < LHH < nRHH
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To be continued o Br?H

@ A. Witkowski, Sz. Wasowicz, On some inequality of
Hermite-Hadamard type, Opuscula Math. 32 (2012),
591-600.

Thank you very much
for your kind attention
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