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Motivation for multi-polarityphysi
s:
K -phase ele
tri
 
urrent
◮ engines with K = 3, 4, 6, 12, ...multi-polar magnets, teles
opes, mi
ros
opesbiology:

K -re
eptor 
olor per
eption system
◮ K = 1 ... sea mammals
◮ K = 2 ... most mammals
◮ K = 3 ... most people and some apes
◮ K = 4 ... some women, most birds, some inse
ts
◮ K = 5 ... some birds (pigeons), some butter�ies
◮ K = 16 ... mantis shrimpTomá² Gregor, Slovak A
ademy of S
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Motivation for multi-polarityMantis shrimp
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Introdu
tion
multi-polarity is a generalization of the notion of ve
tor spa
eevery ve
tor spa
e is equipped with two polarities �+� and �−�a semi-�eld is used instead of a �eldsemi-�eld � �eld without the requirement of existen
e ofadditive inverses�non-polar� obje
ts (neutral elements) � elements of asemi-�eld�polarizing� obje
ts (generalized signs) � algebra of someoperators de�ned on the semi-�eld
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Semi-�eld of double numbers
(a, b) + (c , d) = (a + c , b + d)

(a, b) · (c , d) = (ac + bd , ad + bc)double numbers = split-
omplexnumbers = semi-
omplex numbers =hyperboli
 
omplex numbers =hyperboli
 numbers
Xh = {(x1, x2) ∈ R

2 | x1 > |x2|}∪{0, 0}
(Xh,+, ·) is a semi-�eld of doublenumbers x1

x2

H0,0L

x 1
=

x 2

x
1 =
-x

2

Xh
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Semi-�eld of dual numbers
(a, b) + (c , d) = (a + c , b + d)

(a, b) · (c , d) = (ac , ad + bc)dual numbers = paraboli
 
omplexnumbers = paraboli
 numbers
Xp = {(x1, x2) ∈ R

2 | x1 > 0} ∪ {0, 0}
(Xp,+, ·) is a semi-�eld of dual numbers x1

x2

H0,0L

Xp
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Algebra of operatorslet us 
onsider three operators
A = (a1, a2, a3, a4)
B = (b1, b2, b3, b4)
C = (c1, c2, c3, c4)

ai , bi , ci ∈ R, i = 1, 2, 3, 4
D : X → R

4
D(x1, x2) =
(d1x1 − d2x2, d1x2 + d2x1, d3x1 + d4x2,−d3x2 + d4x1)for D ∈ {A,B ,C}Tomá² Gregor, Slovak A
ademy of S
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Algebra of operators
⊗ A B C

A A B C

B B C A

C C A B

A = (1, 0, 0, 0)
Br ,s,t =

(

−12 , r2√3+ 4s2 + 4t2, s, t)
Cr ,s,t =

(

−12 ,− r2√3+ 4s2 + 4t2,−s,−t

)

,

r ∈ {−1, 1}, s ∈ R, t ∈ RTomá² Gregor, Slovak A
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Three-polar spa
e
m = (x , y , z) ∈ X 3, formally m = Ax + By + Cz
an
ellation law:

Au + Br ,s,tu + Cr ,s,tu = 0for all u ∈ Xequivalen
e relation ∼= : for all (x , y , z) ∈ X 3, u ∈ X

(x , y , z) ∼= (x + u, y + u, z + u)
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Operations in the three-polar spa
eaddition:
(x , y , z)⊕ (u, v ,w) = (x + u, y + v , z + w)formally

−Au = Bu + Cu,

−Bv = Av + Cv ,

−Cw = Aw + Bw ,subtra
tion:
(x , y , z)⊖ (u, v ,w) = (x + v + w , y + u + w , z + u + v)Tomá² Gregor, Slovak A
ademy of S
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Operations in the three-polar spa
emultipli
ation:
(x , y , z)⊙ (u, v ,w) = (Ax + By + Cz)⊙ (Au + Bv + Cw)

= (xu + yw + zv , xv + yu + zw , xw + yv + zu)

Cx ⊙ By = (C ⊗ B)(x · y) = Axy
onjugation:
(u, v ,w)∗ = (u,w , v)

(u, v ,w) ⊙ (u, v ,w)∗ ∼= (x , 0, 0) for some x ∈ Xdivision:
(x , y , z)⊘ (u, v ,w) =

(x , y , z)⊙ (u, v ,w)∗

(u, v ,w) ⊙ (u, v ,w)∗
,if (u, v ,w)⊙ (u, v ,w)∗ is invertible in XTomá² Gregor, Slovak A
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Mappings between X
3 and R

4
M := X 3\∼

=let be R : M → R
4

R(x , y , z) = Ax + Br ,s,ty + Cr ,s,tzif s2 + t2 > 0, then M = R−1 : R4 → Mboth mappings R,M are bije
tive and linear
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Operations on R
4p,q ∈ R

4,p⊞ q := R(M(p)⊕M(q)) = R(M(p)) +R(M(q)) = p+ qp⊡ q := R(M(p)⊙M(q))let be e1, e2, e3, e4 a basis in R
4 andp =

4
∑

i=1 piei , q =

4
∑

j=1 qjej ,then p⊡ q =
4
∑

i ,j=1piqj R(M(ei )⊙M(ej))
(

R
4,⊞,⊡

) is a 
ommutative ring with unitTomá² Gregor, Slovak A
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Example with the semi-�eld of double numbers
r = 1, s = 1, t = 0
A = (1, 0, 0, 0), B =

(

−12 , √72 , 1, 0) , C =

(

−12 ,−√72 ,−1, 0)for p,q ∈ R
4p⊡ q =

(

p1q1 + p2q2 + 92p3q3 − 52p4q4 −√7(p3q2 + p2q3),
p1q2 + p2q1 −√7(p2q4 + p4q2) + 52(p3q4 + p4q3),
p1q3 + p3q1 − p2q4 − p4q2,
p1q4 + p4q1 − p2q3 − p3q2 +√7(p3q3 − p4q4)).Tomá² Gregor, Slovak A
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Example with the semi-�eld of dual numbers
r = 1, s = 1, t = 0
A = (1, 0, 0, 0), B =

(

−12 , √72 , 1, 0) , C =

(

−12 ,−√72 ,−1, 0)for p,q ∈ R
4p⊡ q =

(

p1q1 + 114 p3q3 − 74p4q4 − √72 (p3q2 + p2q3),
p1q2 + p2q1 − √72 (p2q4 + p4q2) + 34 (p3q4 + p4q3),
p1q3 + p3q1 − √72 (p3q4 + p4q3),
p1q4 + p4q1 − p2q3 − p3q2 +√7(p3q3 − p4q4)).Tomá² Gregor, Slovak A
ademy of S
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