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Introduction

Definition

Set E (x)

Suppose that x = (x (0) , x (1) , x (2) , . . . ) and x ∈ l1 \ c00 then

E (x) =

{ ∞∑
n=0

εnx (n) : εn ∈ {0, 1}
}

is the set of all subsums of the series
∞∑
n=0

x (n) , called the achievement set

of x .
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Introduction

The following properties of sets E (x) were described in
1914 by S. Kakeya:

I. E (x) is a compact perfect set.

II. If |x(n)| >
∑
i>n |x(i)| for n sufficiently large, then E (x) is

homeomorphic to the Cantor set C .

III. If |x(n)| 6
∑
i>n |x(i)| for n sufficiently large, then E (x) is a finite

union of closed intervals. Moreover, if |x(n)| > |x(n + 1)| for almost
all n, and E (x) is a finite union of closed intervals, then
|x(n)| 6

∑
i>n |x(i)| for n sufficiently large.

The hypothesis

For any x ∈ l1 \ c00, the set E (x) is either homeomorphic to C or it is a
finite union of closed intervals
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Introduction

Counterexamples

1980 - The Weinstein-Shapiro sequence

1984 - The Ferens sequence

1988 - J. A. Guthrie and J. E. Nymann sequence
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Introduction

Theorem Guthrie-Nymann

Theorem

For any x ∈ l1 \ c00, the set E (x) is one of the following types:

(I) a finite union of closed intervals;

(C) homeomorphic to the Cantor set;

(MC) homeomorphic to the set E (c) (of subsums of the sequence
( 3

4 ,
2
4 ,

3
16 ,

2
16 ,

3
64 , . . . )).
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Introduction

l1 = c00 ∪ C ∪ I ∪MC

Some algebraic and topological properties of these sets have been
recently considered in - [B,B,G,S]

The structure of the achievement sets E (x) for multigeometric
sequences x was studied in - [B,F,S]

where by multigeometric sequence we understand a sequence of the form

(k0, k1, . . . , km, k0q, k1q, . . . , kmq, k0q2, k1q2, . . . , kmq2, k0q3 . . . )

for some positive numbers k0, . . . , km and q ∈ (0, 1)

(k0, k1, . . . , km; q)
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Definitions

Set K (Σ; q)

The achievement sets of multigeometric sequences are particular cases of
self-similar sets of the form

K (Σ; q) =
{ ∞∑
n=0

anqn : (an)∞n=0 ∈ Σω
}

where Σ ⊂ R and q ∈ (0, 1).

The set K (Σ; q) is self-similar in the sense that K (Σ; q) = Σ + q ·K (Σ; q).

Moreover, the set K (Σ; q) can be found as a unique compact solution
K ⊂ R of the equation K = Σ + qK .
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Definitions

Set K (Σ; q)

It is easy to see that for a multigeometric sequence xq = (k0, . . . , km; q)
the achievement set E (x) coincides with the self-similar set K (Σ; q) for
the set

Σ =
{ m∑
n=0

knεn : (εn)
m
n=0 ∈ {0, 1}m+1

}
of all possible sums of the numbers k0, . . . , km.
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The main result

Definitions

For a compact A ⊂ R let us denote:

diamA = sup{|a− b| : a, b ∈ A}
δ(A) = inf{|a− b| : a, b ∈ A, a 6= b}
∆(A) = sup{|a− b| : a, b ∈ A, (a, b) ∩ A = ∅}
I (A) = ∆(A)

∆(A)+diamA

i(A) = inf{I (B) : B ⊂ A, 2 ¬ |B| < ω}
in particular for finite set Σ = {σ1, . . . , σs} (where σ1 < · · · < σs) we have

diam(Σ) = σs − σ1

δ(Σ) = min
i<s

(σi+1 − σi )

∆(Σ) = max
i<s

(σi+1 − σi )
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The main result

Theorem

Theorem

Let Σ = {σ1, . . . , σs} for some real numbers σ1 < · · · < σs . The
self-similar sets K (Σ; q) where q ∈ (0, 1) have the following properties:

1 K (Σ; q) is an interval if and only if q ­ I (Σ);
2 K (Σ; q) is not a finite union of intervals if q < I (Σ) and

∆(Σ) ∈ {σ2 − σ1, σs − σs−1};
3 K (Σ; q) contains an interval if q ­ i(Σ);

4 If d = δ(Σ)
diam(Σ) <

1
3+2
√

2
and 1

|Σ| <
√
d

1+
√
d

, then for almost all

q ∈
( 1
|Σ| ,

√
d

1+
√
d

)
the set K (Σ; q) has positive Lebesgue measure and

the set K (Σ;
√

q) contains an interval;
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The main result

Theorem

1 K (Σ; q) is a Cantor set of zero Lebesgue measure if q < 1
|Σ| or, more

generally, if qn < 1
|Σn| for some n ∈ N where

Σn =
{∑n−1

k=0 akqk : (ak)
n−1
k=0 ∈ Σn

}
.

2 If Σ ⊃ {a, a + 1, b + 1, c + 1, b + |Σ|, c + |Σ|} for some real numbers
a, b, c ∈ R with b 6= c , then there is a strictly decreasing sequence
(qn)n∈ω with limn→∞ qn = 1

|Σ| such that the sets K (Σ; qn) has
Lebesgue mesure zero.
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Self-similar sets of zero Lebesgue measure

Theorem

If there exists n ∈ N such that

∣∣∣ n−1∑
i=0

qiΣ
∣∣∣ · qn < 1

then the set K (Σ, q) has measure zero.
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Self-similar sets of zero Lebesgue measure

Proof

K := K (Σ, q)
K = Σ + qK

K =
n−1∑
i=0

qiΣ + qnK

Σn :=
∑n−1
i=0 qiΣ

|Σn| · qn < 1

λ(K ) > 0

λ(K ) ¬ |Σn| · qn · λ(K ) < 1 · λ(K )

λ(K ) = 0
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Self-similar sets of zero Lebesgue measure

Lemma

For any integer numbers s > 1 and n > 1 the unique positive solution q of
the equation

x + x2 + ...+ xn−1 =
1

s − 1
(1)

is greater then 1
s . Moreover, there is n0 ∈ N such that for any n > n0(

sn − 2n−1
)
· qn < 1. (2)
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Self-similar sets of zero Lebesgue measure

Proof

n−1∑
i=1

(
1
s

)i
=

1
s − 1

·
(

1− 1
sn−1

)
<

1
s − 1

,

q >
1
s

1
s − 1

=
n−2∑
i=1

(
1
s

)i
+

1
(s − 1) sn−2

qn−1 =
1

s − 1
−
n−2∑
i=1

qi <
1

s − 1
−
n−2∑
i=1

(
1
s

)i
=

1
(s − 1) sn−2 .

1
s − 1

=
q − qn

1− q
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Self-similar sets of zero Lebesgue measure

1− q
s − 1

= q
(

1− qn−1
)
> q

(
1− 1

(s − 1) sn−2

)
.

1− q > (s − 1) q − q
sn−2

sq − q
sn−2 < 1

q <
1

s
(

1− 1
sn−1

) . (3)

(
1− 1

sn−1

)n
­ 1− n

sn−1

qn <
1

sn ·
(

1− n
sn−1

) .
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Self-similar sets of zero Lebesgue measure

(
sn − 2n−1

)
· qn <

sn ·
(

1− 2n−1

sn

)
sn ·

(
1− n

sn−1

)
2n−1

s
> n

2n−1

sn
>

n
sn−1
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Self-similar sets of zero Lebesgue measure

Theorem

If a finite subset Σ ⊂ R contains the set
{a, a + 1, b + 1, c + 1, b + |Σ|, c + |Σ|} for some real numbers a, b, c with
b 6= c , then there is a decreasing sequence (qn)∞n=1 tending to 1

|Σ| such
that, for any n ∈ N, the self-similar set K (Σ, qn) has Lebesgue measure
zero.
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Self-similar sets of zero Lebesgue measure

Proof

Proof

Let s = |Σ| and for every n denote by qn the unique positive solution of
the equation (1) from Lemma. Let n0 be a natural number such that(

sn − 2n−1
)
· (qn)

n < 1

for any n > n0. Clearly (qn)∞n=n0
is a decreasing sequence and

limn→∞ qn = 1
s . It suffices to show that K (Σ, q) has measure zero for

n > n0.
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Self-similar sets of zero Lebesgue measure

Proof

Taking into account that each qn is a solution of (1), we conclude that

a +
n−1∑
i=1

(s − 1 + εi )(qn)i = (a + 1) +
n−1∑
i=1

εi (qn)i

for any εi ∈ {b + 1, c + 1} ⊂ Σ. Therefore∣∣∣∣∣
n−1∑
i=1

(qn)
i Σ

∣∣∣∣∣ ¬ sn − 2n−1.

Hence, by Lemma, ∣∣∣∣∣
n−1∑
i=1

(qn)
i Σ

∣∣∣∣∣ · (qn)
n < 1.

and we can apply Theorem to conclude that K (Σ, q) has Lebesgue
measure zero.
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For sequence x = (3,
m−times︷ ︸︸ ︷

2, . . . , 2; q) we know, that

0 1
2m+2

1
2m

2
2m+5 1

r r s IC0 MC MCλ+b b b b
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