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On J -continuous functions

J -density topologies

Definition 1 (H. Lebesgue).

A point x0 ∈ R is a density point of a Lebesgue measurable set A
if

lim
h→0+

λ(A ∩ [x0 − h, x0 + h])

2h
= 1.

lim
h→0+

λ(A ∩ [x0 − h, x0 + h])

2h
= 1⇔

lim
n→∞

λ
(
A ∩

[
x0 − 1

n , x0 + 1
n

])
2
n

= 1.
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On J -continuous functions

J -density topologies

A – a Lebesgue measurable set,

Φd(A) = {x ∈ R : x is a density point of A}.

Theorem 1 (Lebesgue, 1910).

λ (A M Φd(A)) = 0.

Theorem 2.

For any sets A,B ∈ L we have :

1 Φd(∅) = ∅, Φd(R) = R;

2 λ(A M B) = 0⇒ Φd(A) = Φd(B);

3 λ(A M Φd(A)) = 0;

4 Φd(A ∩B) = Φd(A) ∩ Φd(B).
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On J -continuous functions

J -density topologies

Theorem 3 (O. Haupt, C. Pauc, 1952).

The family
Td =

{
A ∈ L : A ⊂ Φd(A)

}
forms a topology on R called the density topology.
Moreover, we have Tnat ⊂ Td.
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On J -continuous functions

J -density topologies

J = {Jn}n∈N is a sequence of intervals tending to zero if

diam{Jn ∪ {0}} −→
n→∞

0.

Definition 2.

We shall say that a point x0 ∈ R is a J –density point of a
measurable set A, if

lim
n→∞

λ(A ∩ (Jn + x0))

|Jn|
= 1.
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On J -continuous functions

J -density topologies

A – a Lebesgue measurable set,

ΦJ (A) = {x ∈ R : x is a J –density point of A}.

Theorem 4.

For any sets A,B ∈ L we have:

1 ΦJ (∅) = ∅, ΦJ (R) = R;

2 λ(A M B) = 0⇒ ΦJ (A) = ΦJ (B);
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On J -continuous functions

J -density topologies

The equivalent of Lebesgue Density Theorem does not hold. It was
proved by M. Csörnyei in Density theorems revisited.

∃
J→0

∃
A∈L

λ(A) > 0 ∧ λ(A ∩ ΦJ (A)) = 0.

Theorem 5.

If A ∈ L then ΦJ (A) ∈ L.

Theorem 6.

For A ∈ L we have

λ(ΦJ (A) \A) = 0.
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On J -continuous functions

J -density topologies

Theorem 7.

Let J be a sequence of intervals tending to zero. Then

TJ = {A ∈ L : A ⊂ ΦJ (A)}.

is a topology on R, which will be called J -density topology.
Moreover, we have Tnat ⊂ TJ .
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On J -continuous functions

J -density topologies

Theorem 8.

For every sequence J of intervals tending to zero

(i) Tnat ⊂ TJ and the inclusion is proper. In particular TJ is
Hausdorff;

(ii) a subset C of R is closed and discrete with respect to TJ if,
and only if, λ(C) = 0;

(iii) (R, TJ ) is neither separable nor has the Lindelöf property;

(iv) a set A is compact with respect to TJ if, and only if, it is
finite.
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(iv) a set A is compact with respect to TJ if, and only if, it is
finite.

Jacek Hejduk & Anna Loranty & Renata Wiertelak Stara Lesna, August 31-September 5, 2014 10 / 22



On J -continuous functions

J -density topologies

Theorem 8.

For every sequence J of intervals tending to zero

(i) Tnat ⊂ TJ and the inclusion is proper. In particular TJ is
Hausdorff;

(ii) a subset C of R is closed and discrete with respect to TJ if,
and only if, λ(C) = 0;

(iii) (R, TJ ) is neither separable nor has the Lindelöf property;
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On J -continuous functions

Continuous functions

Table of contents
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On J -continuous functions

Continuous functions

For J ∈ = we consider four families of continuous functions
defined as follows:

Cnat,nat ={f : (R, Tnat)→ (R, Tnat)},
Cnat,J ={f : (R, Tnat)→ (R, TJ )},
CJ ,nat ={f : (R, TJ )→ (R, Tnat)},
CJ ,J ={f : (R, TJ )→ (R, TJ )}.

Property 1.

For J ∈ = the family Cnat,J consists of constant functions.

Let f ∈ Cnat,J and a, b ∈ R, a < b.
f([a, b]) is TJ -compact and TJ -connected.
f([a, b]) is a singleton, f(a) = f(b) and f is constant.
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On J -continuous functions

Continuous functions

Property 2.

For J ∈ = the following inclusions holds:

Cnat,J  Cnat,nat ⊂ CJ ,nat

Cnat,J  CJ ,J ⊂ CJ ,nat

f(x) = x is the member of Cnat,nat and CJ ,J but not Cnat,J .

Jacek Hejduk & Anna Loranty & Renata Wiertelak Stara Lesna, August 31-September 5, 2014 13 / 22



On J -continuous functions

Continuous functions

Property 2.

For J ∈ = the following inclusions holds:

Cnat,J  Cnat,nat ⊂ CJ ,nat

Cnat,J  CJ ,J ⊂ CJ ,nat

f(x) = x is the member of Cnat,nat and CJ ,J but not Cnat,J .

Jacek Hejduk & Anna Loranty & Renata Wiertelak Stara Lesna, August 31-September 5, 2014 13 / 22



On J -continuous functions

Continuous functions

We say that a sequence of intervals J = {[an, bn]}n∈N ∈ =, is
right-side (left-side) tending to zero if there exists n0 ∈ N such
that bn > 0 (an < 0) for n ≥ n0 and

lim
n→∞

min{0, an}
bn

= 0

(
lim
n→∞

max{0, bn}
an

= 0

)
.

Sequence of intervals J ∈ = is one-side tending to zero if it is
right-side or left-side tending to zero.

Theorem 9.

Let J ∈ =. Then [a, b) ∈ TJ ((a, b] ∈ TJ ) for a < b if and only if
the sequence J is right-side (left-side) tending to zero.
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On J -continuous functions

Continuous functions

Theorem 10.

If J is a sequence of intervals one-side tending to zero, then:

(i) Cnat,nat \ CJ ,J 6= ∅,
(ii) CJ ,J \ Cnat,nat 6= ∅.

Theorem 11.

Let J be a sequence of intervals one-side tending to zero. Then

(i) CJ ,J  CJ ,nat,

(ii) Cnat,nat  CJ ,nat.
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On J -continuous functions

Continuous functions

Let J be the sequence right side-tending to zero.
f(x) = −|x|, f ∈ Cnat,nat ⊂ CJ ,nat.

-
6

@
@
@
@
@
@@

�
�

�
�

�
��

[−1, 1) ∈ TJ but f−1([−1, 1)) = [−1, 1] /∈ TJ . Thus f /∈ CJ ,J .
f ∈ Cnat,nat \ CJ ,J , f ∈ CJ ,nat \ CJ ,J .
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On J -continuous functions

Continuous functions

Let J be the sequence right side-tending to zero.

h(x) = x− k for x ∈ [k, k + 1), k ∈ Z.

-

6

�
�
�
�
�
�
�
�

b b b b
�
�

�
�

�
�

�
�

bbbb

If A ∈ TJ , then h−1(A) =
⋃

k∈Z
(
(A ∩ [0, 1)) + k

)
∈ TJ .

Hence h ∈ CJ ,J ⊂ CJ ,nat.
Since h−1

((
−1, 12

))
=
⋃

k∈Z
[
k, k + 1

2

)
/∈ Tnat, we have

h /∈ Cnat,nat.
h ∈ CJ ,J \ Cnat,nat, h ∈ CJ ,nat \ Cnat,nat.
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Continuous functions

Let J be the sequence right side-tending to zero.
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On J -continuous functions

Continuous functions

Property 3.

For J ∈ = be a sequence of intervals one-side tending to zero.
Then the following inclusions holds:

Cnat,J  Cnat,nat  CJ ,nat

Cnat,J  CJ ,J  CJ ,nat
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On J -continuous functions

Continuous functions

Theorem 12.

If J ∈ =, then there exists K ∈ = such that TJ 6= TK,
CJ ,J 6= CK,K and CJ ,nat 6= CK,nat.

Problem 1.

TJ 6= TK ⇐⇒ CJ ,nat 6= CK,nat.

Problem 2.

TJ 6= TK ⇐⇒ CJ ,J 6= CK,K.
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On J -continuous functions

Continuous functions

Let J , K ∈ =. Then the sequence ordered in an arbitrary fashion
containing all intervals of the sequences J and K, denoted by
J ∪ K, is called the union of sequences J and K.

Property 4.

If J ∈ = and K ∈ =, then

TJ∪K = TJ ∩ TK.

ΦJ∪K(A) = ΦJ (A) ∩ ΦK(A).
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On J -continuous functions

Continuous functions

Property 5.

Let J ∈ = and K ∈ =. Then

(i) CJ ,nat ∩ CK,nat = CJ∪K,nat,
(ii) Cnat,J ∩ Cnat,K = Cnat,J∪K,

(iii) CJ ,J ∩ CK,K ⊂ CJ∪K,J∪K.

Let J =
{[
− 1

n , 0
]}

n∈N, K =
{[

0, 1n
]}

n∈N.
TJ∪K is the density topology.
f(x) = −x belongs to the family CJ∪K,J∪K.
[0, 1) ∈ TK, whereas f−1([0, 1)) = (−1, 0] /∈ TK.
It implies that f /∈ CK,K.
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[5] W. Wilczyński, Density topologies, Handbook of Measure
Theory, Ed. E. Pap. Elsevier, chapter 15(2002), 675-702.

Jacek Hejduk & Anna Loranty & Renata Wiertelak Stara Lesna, August 31-September 5, 2014 22 / 22


	J-density topologies
	Continuous functions

