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Motivation for multi-polarity

physics:

@ K-phase electric current
» engines with K = 3,4,6,12, ...

@ multi-polar magnets, telescopes, microscopes

biology:

@ K-receptor color perception system

>
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K=1..
K=2..
K=3..
K=4 ..
K=5..
K =16 ...

sea mammals

most mammals

most people and some apes

some women, most birds, some insects

some birds (pigeons), some butterflies
mantis shrimp
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Motivation for multi-polarity

Mantis shrimp
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Introduction

multi-polarity is a generalization of the notion of vector space
every vector space is equipped with two polarities “+" and “—"

a semi-field is used instead of a field

e © ¢ ¢

semi-field — field without the requirement of existence of

additive inverses

@ “non-polar” objects (neutral elements) — elements of a
semi-field

@ “polarizing” objects (generalized signs) — algebra of some

operators defined on the semi-field
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Semi-field of double numbers

X2

(4

(a,b) + (c,d) = (a+ ¢, b+ d) ey
(a,b) - (¢,d) = (ac + bd, ad + bc) g

double numbers = split-complex X,
numbers = semi-complex numbers = ’
hyperbolic complex numbers =
hyperbolic numbers

Xp = {(X17X2) € R? | X1 > ‘X2|}U{0,0}
(Xh, +,-) is a semi-field of double
numbers ‘g

0,0~ X1

(4

(4
&
7
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Semi-field of dual numbers

%!
@ (a,b) + (c,d)=(a+c,b+d) |
o (a,b)-(c,d) = (ac, ad + bc) | X,
@ dual numbers = parabolic complex
numbers = parabolic numbers oo o

o Xp = {(Xl,Xz) € R? |X1 > O}U{0,0}

@ (Xp,+,-) is a semi-field of dual numbers
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Algebra of operators

@ let us consider three operators

A = (a1,a2,as,as)
B = (b17b27b37b4)
C = (a,o,6a,a)

aj, bj,cieR,i=1,234
e D: X —R*

D(Xl, X2) =
(d1X1 — dhxp, dixo + doxy, d3xy + daxo, —d3xo + d4X1)

for D€ {A B, C}
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Algebra of operators

o
®|A B C
AlA B C
BB C A
c|C A B
o
A = (1,0,0,0)
1 r
Br757t = (—57 5 V 3 + 452 + 4t2, S, t>
C - (L L3t a2 1 4t2, —s, —t
r,s,t  — 27 2 ) ’ ’

re{-1,1},seR,teR
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Three-polar space

e m=(x,y,z) € X3, formally m = Ax + By + Cz

@ cancellation law:
Au+Brsiu+ Csu=0

forallue X

@ equivalence relation = : for all (x,y,z) € X3, u e X

(x,y,z2) Z(x+u,y+uz+u)
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Operations in the three-polar space

@ addition:
(x,y,2) ® (u,v,w) = (x+u,y +v,z+w)

o formally
—Au = Bu+ Cu,

—Bv = Av+ Cv,
—Cw = Aw+ Bw,

subtraction:

(x,y,z) o (u,v,w)=(x+v+w,y+u+w,z+u+v)
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Operations in the three-polar space

@ multiplication:
(x,¥,2) ® (u,v,w) = (Ax+ By + Cz) ® (Au+ Bv + Cw)

= (xu+ yw + zv,xv + yu + zw, xw + yv + zu)
CxOBy =(C®B)(x-y)=Axy

@ conjugation:
(u,v,w)* = (u,w,v)

(u,v,w) ® (u,v,w)* = (x,0,0) for some x € X
@ division:

(x,y,2) ® (u, v, w)*
(u,v,w) ® (u, v, w)*’

(Xay,Z)®(u, v, W) =

if (u,v,w)® (u,v,w)* is invertible in X
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Mappings between X3 and R*

o M= X3\~
o let be R : M — R*

R(X7}’72) = AX + Br,s,ty + Cr,s,tz

if s> +t>>0,then M=R1:R* - M
@ both mappings R, M are bijective and linear
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Operations on R*

p,q € R*,
pHq:=R(M(p) ® M(q)) = R(M(p)) + R(M(a)) =p+q

pLq:=R(M(p) © M(a))

let be e, e, e3,e4 a basis in R* and

4 4
p=> pe, q=>_qgej,
i=1 Jj=1

then
4

pllq= Z piq; R(M(ei) © M(e)))

ij=1

° (R“,HH,D) is a commutative ring with unit
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Example with the semi-field of double numbers

1 1
A=(1,0,0,0), B= (—E,g,m), C= (—— —ﬂ,—1,0>

2 2
for p,q € R*
9 5
PEIQ = (Pia1+paa2+5p3as — 5pads — V7(p3ga + p233),
5
P1G2 + P2q1 — VT(p2ga + paqa) + 5(P3Ga + Paga),

P1G3 + P3q1 — P294 — Paq2,

P1Ga + paq1 — P2G3 — p3q2 + V7(p3qs — p4q4))-
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Example with the semi-field of dual numbers

1 V7 1 V7
A =(1,0,0,0), B::(—E,%;,Lo),c3=<——-—XC,—Lo>

for p,q € R*

11 7 VT
pllqg = <P1q1 + 7 P393 T g Pada 7(P3¢72 + p293),

VT 3
pP1G2 + p2q1 — 7(P2q4 + pago) + Z(P3q4 + Paq3),

V7
p1g3 + p3q1 — 7(p3q4 + Pags),

P1Ga + paqL — p2G3 — p3q2 + V7(p3qs — p4q4)>-
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