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Theorem 1

Let X be a linear normed space, Y a Banach space and € > 0.
Then for every function f: X — Y satisfying the inequality

[fx+y)—f()—fWI<e  xyeX (1)

there exists a unique additive function g: X — Y such that

If(x) —g(x) <€, xeX. (2)

v

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A. 27 (1941) 222-224.
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Theorem 1

Let X be a linear normed space, Y a Banach space and € > 0.
Then for every function f: X — Y satisfying the inequality

[fx+y)—f()—fWI<e  xyeX (1)

there exists a unique additive function g: X — Y such that

If(x) —g(x) <€, xeX. (2)

v

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A. 27 (1941) 222-224.

f(x+y)—f(x)—f(y) € B(0,¢), x,y € X
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Theorem 1

Let X be a linear normed space, Y a Banach space and € > 0.
Then for every function f: X — Y satisfying the inequality

[fx+y)—f()—fWI<e  xyeX (1)

there exists a unique additive function g: X — Y such that

If(x) —g(x) <€, xeX. (2)

v

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A. 27 (1941) 222-224.

f(x+y)—f(x)—f(y) € B(0,¢), x,y € X

f(x+y)+ B(0,¢) C f(x)+ B(0,¢) + f(y) + B(0,¢), x,yeX
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F(x) :=f(x) + B(0,¢),

xeX
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F(x):= f(x) + B(0,¢), xeX
is subadditive, i.e.,
F(x+y) C F(x)+ F(y), x,y € X
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F(x):= f(x) + B(0,¢), xeX
is subadditive, i.e.,
F(x+y) C F(x)+ F(y), x,yeX
and the function g from inequality (2) satisfies
g(x) € F(x), xeX

which means that F has the additive selection g.
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F(x):= f(x) + B(0,¢), xeX
is subadditive, i.e.,
F(x+y) C F(x)+ F(y), x,yeX
and the function g from inequality (2) satisfies
g(x) € F(x), xeX

which means that F has the additive selection g.

Theorem 2

Let (S,+) be a commutative semigroup with zero, X a real
Banach space and F: S — ccl(X) a set-valued map such that

F(x+y) C F(x)+ F(y), x,y €S

and sup{d(F(x)) : x € S} < oo. Then F admits a unique additive
selection.

4

Z. Gajda, R. Ger, Subadditive multifunctions and Hyers-Ulam stability, Numerical
Mathematics, 80 (1987), 281-291.
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Theorem 3

Let X be a real vector space, Y be a real Banach space, K be
a convex cone in X, a,b,p,q >0, F: K — ccl(Y),

F(ax + by) C pF(x) + qF(y) for x,y € K

and sup{d(F(x)): x € K} < 0.
(i) If p+ q > 1, then there exists a unique selection f: K — Y
of the multifunction F such that

f(ax + by) = pf(x) + qf (y) for x,y € K.

(ii) If p+ q <1, then F is single-valued.

D. Popa, A stability result for a general linear inclusion, Nonlinear Funct. Anal. App.

3 (2004), 405-414.
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Theorem 4

Let X be a real vector space, Y be a real Banach space, K be
a convex cone in X, a,b,p,q >0, F: K — ccl(Y),

pF(x) 4+ qF(y) C F(ax + by) forx,y € K

and sup{d(F(x)): x € K} < 0.
(i) If p+ q < 1, then there exists a unique selection f: K — Y
of the multifunction F such that

f(ax + by) = pf(x) + qf(y),  x,y € K.

(ii) If p+ q > 1, then F is single-valued.

K. Nikodem, D. Popa, On selections of general linear inclusions, Publ. Math.
Debrecen 75 (2009), 239-249.
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F(ax + by + k) C pF(x) + qF(y), x,y € K,
where k € K, a+ b # 1.
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F(ax + by + k) C pF(x) + qF(y), x,y € K,

where k € K, a+ b # 1.
X0 = 15—, G: K—xo— ccl(Y), G(x) = F(x + x)
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F(ax+ by + k) C pF(x) + qF(y),  x,y €K,

where k € K, a+ b # 1.
Xp = ?"_b, G: K—xp— cc(Y), G(x) = F(x+ x0)

G(ax + by) C pG(x) + qG(y) for x,y € K.
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F(ax+ by + k) C pF(x) + gF(y),  x,y €K,

where k € K, a+ b # 1.
Xp = ?"_b, G: K—xp— cc(Y), G(x) = F(x+ x0)

G(ax + by) C pG(x) + qG(y) for x,y € K.

F(ax + by + k) C pF(x)+ qF(y) + C, x,y € K,

where C is a nonempty, compact and convex subset of Y,
at+b#1, p+qg>1,
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F(ax+ by + k) C pF(x) + gF(y),  x,y €K,
where k € K, a+ b # 1.
X0 =15, G: K —x0 — ccl(Y), G(x) = F(x + x)

G(ax + by) C pG(x) + qG(y) for x,y € K.

F(ax + by + k) C pF(x)+ qF(y) + C, x,y € K,

where C is a nonempty, compact and convex subset of Y,
a+ b=#1, p+ g > 1then there exists a unique single-valued
function f: K — Y satisfying the equation

fax+ by + k) = pf(x) + af(y), x.yeK

and 1
f(x) € F(x)+ ——C, € K.
() €F()+ =G X
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F(ax+ by + k) C pF(x) + gF(y),  x,y €K,

where k € K, a+ b # 1.
Xp = ?"_b, G: K—xp— cc(Y), G(x) = F(x + x)

G(ax + by) C pG(x) + qG(y) for x,y € K.

F(ax + by + k) C pF(x)+ qF(y) + C, x,y € K,

where C is a nonempty, compact and convex subset of Y,
a+ b=#1, p+ g > 1then there exists a unique single-valued
function f: K — Y satisfying the equation

fax+ by + k) = pf(x) + af(y), x.yeK

and 1
f(X)EF(X)—FmC, x € K.
G(x) = F(x) + ﬁc
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Theorem 5

Assume that K is a nonempty set, (Y, d) is a metric space. Let
F:K—=n(Y),V:Y =Y, a K-—=K,\e(0,+x),
d(V(x),W¥(y)) < Ad(x,y) for x,y € Y and

limp_00 A"O(F(a"(x))) =0 for x € K.
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Theorem 5

Assume that K is a nonempty set, (Y, d) is a metric space. Let
F:K—=n(Y),V:Y =Y, a K-—=K,\e(0,+x),
d(V(x),W¥(y)) < Ad(x,y) for x,y € Y and

limp_00 A"O(F(a"(x))) =0 for x € K.

(i) IfY is complete and
V(F(a(x))) C F(x), x €K,

then, for each x € K, limp_oo clW" 0 F 0 a"(x) = f(x) exists

and f is a unique selection of the multifunction cl F such that
Vofoa="fF.
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Theorem 5

Assume that K is a nonempty set, (Y, d) is a metric space. Let
F:K—=n(Y),V:Y =Y, a K-—=K,\e(0,+x),
d(V(x),W¥(y)) < Ad(x,y) for x,y € Y and

limp_00 A"O(F(a"(x))) =0 for x € K.

(i) IfY is complete and
V(F(a(x))) C F(x), x €K,

then, for each x € K, limp_oo clW" 0 F 0 a"(x) = f(x) exists
and f is a unique selection of the multifunction cl F such that
Vofoa="fF.

(ii) If
F(x) C W(F(a(x))), xeK,

then F is a single-valued function and W o F oo = F.
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F(ax + by) C pF(x)+ qF(y) for x,y € K

(3)

o
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F(ax + by) C pF(x)+ qF(y) for x,y € K (3)

(p+qg>1

Magdalena Piszczek On selections of set-valued maps satisfying some inclusions



F(ax + by) C pF(x) + gF(y) for x,y € K (3)

()p+g>1 Setting y = x in (3) we get
F((a+b)x) C (p+q)F(x), xeK.
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F(ax + by) C pF(x) + qF(y) for x,y € K (3)

()p+g>1 Setting y = x in (3) we get
F((a+b)x) C(p+q)F(x), x€K.

mF((aij)x)CF(x), xeK
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F(ax + by) C pF(x) + qF(y) for x,y € K (3)

()p+g>1 Setting y = x in (3) we get
F((a+b)x) C(p+q)F(x), x€K.

1
mF((a—l— b)x) C F(x), xeK

1
= —X
pP+q

V(x)

a(x) = (a+ b)x
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F(ax + by) C pF(x) + qF(y) for x,y € K (3)

(i)p+qg>1 Setting y = x in (3) we get
F((a+b)x) C(p+q)F(x), x€K.

Ll':((éhL b)x) C F(x), xeK

p+q
1
V(x) = P qx, a(x) = (a+ b)x
Jim V() = fim o F((a+ b)) = ()
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F(ax + by) C pF(x) + qF(y) for x,y € K (3)

(i)p+qg>1 Setting y = x in (3) we get
F((a+b)x) C(p+q)F(x), x€K.

1
mF((a—}—b)x)C F(x), xeK
W(x) = —

= mx, a(x) = (a+ b)x

' n n = lim L a "x) = f(x
lim W(F(a"(x))) = lim_ (p+q)nF(( +b)"x) = f(x)

f is single-valued and f(x) € F(x) for x € K.
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F(ax + by) C pF(x) + qF(y) for x,y € K (3)

(i)p+qg>1 Setting y = x in (3) we get
F((a+b)x) C(p+q)F(x), x€K.

1
mF((a—}— b)x) C F(x), xeK

1
= —X
pP+q

V(x)

, a(x) = (a+ b)x

' n n = lim L a "x) = f(x
lim W(F(a"(x))) = lim_ (p+q)nF(( +b)"x) = f(x)

f is single-valued and f(x) € F(x) for x € K.
F((a+b)"(ax + by)) - Fl(a+ b)"X)+qF((a +b)"y)
(p+q)" (p+a)" (p+4q)"

) X7y€ K’
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F(ax + by) C pF(x) + qF(y) for x,y € K (3)

(i)p+qg>1 Setting y = x in (3) we get
F((a+b)x) C(p+q)F(x), x€K.

1
mF((a—F b)x) C F(x), xeK

1
= —X
pP+q

V(x)

, a(x) = (a+ b)x

' n n = lim L a "x) = f(x
lim W(F(a"(x))) = lim_ (p+q)nF(( +b)"x) = f(x)

f is single-valued and f(x) € F(x) for x € K.
F((a+b)"(ax + by)) - Fl(a+ b)"X)+qF((a +b)"y)
(p+q)" (p+a)" (p+4q)"

) X7y€ K’

f(ax + by) = pf(x) +qf(y),  x,y€K.
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(i) prg<1
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(i)p+g<1 Putting y = x in (3) we have

F((a+ b)x) C (p+q)F(x), x€K.
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(i)p+g<1 Putting y = x in (3) we have
F((a+ b)x) C (p+ q)F(x), x € K.

Now, replacing x by 535 x in the last inclusion we obtain

FOC ot aF (sogx),  xek.

+b
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(i)p+g<1 Putting y = x in (3) we have
F((a+ b)x) C (p+ q)F(x), x € K.

Now, replacing x by 535 x in the last inclusion we obtain

F(X)C(/Hq)F(‘,JHlr

V(x)=(p+q)x, ax)=
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(i)p+g<1 Putting y = x in (3) we have
F((a+ b)x) C (p+ q)F(x), x € K.

Now, replacing x by 535 x in the last inclusion we obtain

F(X)C(p+q)F(ai

V(x)=(p+aq)x, afx)=

F is single-valued and satisfies the equality

F(ax+ by) = pF(x) + qF(y),  x,y €K.
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p+q=1

«O0>» «F»r «Z» < ) o
Magdalena Piszczek _
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p
X+ F(x)+ F(y) F(x)+ F(y) X+
F( 2y 2 : 2 : CF( y)'

F: R — ccl(R) given by F(x) =[x — 1, x + 1] satisfies

F(X+y>:F(X)+F(y) Xy €R

2 2 ’
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p
X + F(x)+ F(y) F(x)+ F(y) X+y
F( zy 2 : 2 CF( )

F: R — ccl(R) given by F(x) =[x — 1,x + 1] satisfies

x,y € R

P = PR LA

and each function f(x) = x + b, where b € [—1,1] is a Jensen
selection of F.
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p
X + F(x)+ F(y) F(x)+ F(y) X+
F( zy 2 : 2 : CF( y)'

F: R — ccl(R) given by F(x) =[x — 1,x + 1] satisfies

F<X+y>:F(X)+F(y) x.y €R

2 2 ’

and each function f(x) = x + b, where b € [—1,1] is a Jensen

selection of F.
F(x) = M, where M € ccl(X) satisfies

F(ax + by) = pF(x) + qF(y)

and each constant function f(x) = m, where m € M satisfies
f(ax + by) = pf(x) + qf (y).
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Let (T,x) be a groupoid, where x is square symmetric, i.e,
(x*xy)*(x*y)=(x*x)*(y*y) for x,y € T. Then the map
p: T — T given by p(x) := x % x for x € T is an endomorfism of

the groupoid (T, x).
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Let (T,x) be a groupoid, where x is square symmetric, i.e,
(x*xy)*(x*y)=(x*x)*(y*y) for x,y € T. Then the map
p: T — T given by p(x) := x % x for x € T is an endomorfism of

the groupoid (T, x).

X%y = ax+ by + k, a,b>0, x,y,ke K
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Let (T,*) be a groupoid, where * is square symmetric, i.e,
(x*xy)*(x*y)=(x*x)*(y*y) for x,y € T. Then the map
p: T — T given by p(x) := x % x for x € T is an endomorfism of

the groupoid (T, x).

X%y = ax+ by + k, a,b>0, x,y,ke K

x*xy =a(x)+ B(y) + k, x,y €T, ke K

a,B: T — K homomorphism and ao = o«
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Corollary 1

Let SC T, p(S)CS, a,b>0,Y bea real Banach space,
F:S— cc(Y), sup{o(F(x)): x €S} < oo and

F(xxy) C pF(x)+ gF(y) forx,y € S, xxy € S.

(i) If p+ q > 1, then there exists a unique selection f: S — Y of
the multifunction F such that

f(x*y) = pf(x)+ gf(y) forx,y € S, xxy € S.

(ii) If p+ g < 1 and p is an invertible function, then F is
single-valued.
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Corollary 2

Let SC T, p(S)CS, a,b>0,Y bea real Banach space,
F:S— cc(Y)

pF(x) + qF(y) C F(x*y), X,y €S, xxy€e$S

and sup{d(F(x)): x € S} < cc.
(i) If p+q <1 and p is an invertible function, then there exists a
unique selection f: S — Y of the multifunction F such that

f(x*xy) = pf(x)+ qf(y), x,y €S, xxy€S.

(ii) If p+ q > 1, then F is single-valued.
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quadratic inclusions:
F(x+y)+ F(x—y) C2F(x) 4+ 2F(y),

2F(x) +2F(y) C F(x+y)+ F(x — y),

Magdalena Piszczek On selections of set-valued maps satisfying some inclusions



quadratic inclusions:
F(x+y)+ F(x—y) C2F(x) 4+ 2F(y),

2F(x) +2F(y) C F(x+y)+ F(x —y),

cubic inclusions:
F2x+y)+ F(2x —y) C2F(x + y) + 2F(x — y) + 12F(x),

2F(x +y)+2F(x — y) + 12F(x) C F(2x + y) + F(2x — y),
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quadratic inclusions:
F(x+y)+ F(x—y) C2F(x) 4+ 2F(y),

2F(x) +2F(y) C F(x+y)+ F(x —y),

cubic inclusions:
F2x+y)+ F(2x —y) C2F(x + y) + 2F(x — y) + 12F(x),

2F(x +y)+2F(x — y) + 12F(x) C F(2x + y) + F(2x — y),

quartic inclusions:
F(2x+y)+F(2x—y)+6F(y) C4F(x+y)+4F(x—y)+24F(x),

AF(x+y)+4F(x—y)+24F(x) C F(2x+y)+ F(2x—y)+6F(y),
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quadratic inclusions:
F(x+y)+ F(x—y) C2F(x) 4+ 2F(y),
2F(x) +2F(y) C F(x+y)+ F(x —y),
cubic inclusions:
F2x+y)+ F(2x —y) C2F(x + y) + 2F(x — y) + 12F(x),
2F(x +y)+2F(x — y) + 12F(x) C F(2x + y) + F(2x — y),
quartic inclusions:
F(2x+y)+F(2x—y)+6F(y) C4F(x+y)+4F(x—y)+24F(x),

AF(x+y)+4F(x—y)+24F(x) C F(2x+y)+ F(2x—y)+6F(y),

or
Fix+y+2z)C 2F<¥) + F(z).
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Let V be compact and convex subset of a real Banach space Y,
0eV.
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Let V be compact and convex subset of a real Banach space Y,
0eV.

Corollary 3

Let K be a convex cone in a real vector space and ¢ € K. Suppose
thata+b+#1, p+q>1andf: K— Y satisfies

f(ax + by + c) — pf(x) — gf(y) € V, x,y € K.
Then there exists a unique function h: K — Y such that
h(ax + by + ¢) = ph(x) + gh(y), x,y €K,
and

1

ho) — () € o=

V, xeK.
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Let

F(x) =

x € K.
p+q
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Let

F(x) := f(X)+/J—Fiy—1V’ xe K.
Then
F(ax+ by +¢) = f(ax+by+c)+p+j,_1
C pf(x) + qf (y) + pi:il
(10 =g v) Fal+ =)

=pF(x) +qF(y), x,yeK.
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Let

F(x) := f(x)+[Hil_1V, xe K.
Then
F(ax+ by +¢) = f(ax+by+c)+p+j,_1
C pf(x) + qf (y) + pi:il
=p(f0+ i =gV) a0+ 1Y)

=pF(x) +qF(y), x,yeK.
There exists a unique function h: K — Y with

1

h(X) S f(X)‘i‘m

V, xeK
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Let

F(x) := f(x)+[Hil_1V, xe K.
Then
F(ax+ by +¢) = f(ax+by+c)+p+j,_1
C pf(x) + qf (y) + pi:il
=p(f0+ i =gV) a0+ 1Y)

=pF(x) +qF(y), x,yeK.
There exists a unique function h: K — Y with

1

h(X) S f(X)‘i‘m

V, xeK

and such that
h(ax + by + ¢) = ph(x) + qh(y),  x,y € K.
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Corollary 4
Let (K,+) be a commutative group and f: K — Y satisfies
f(2x+y)+f(2x—y)+6f(y) —4f(x+y)—4f(x—y)—24f(x) e V

for every x,y € K. Then there exists a unique function h: K =Y
such that

h(2x +y) + h(2x — y) + 6h(y) = 4h(x + y) + 4h(x — y) + 24h(x),

1
h(x) — f(x) € ﬂV, x,y € K.
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Corollary 4
Let (K,+) be a commutative group and f: K — Y satisfies
f(2x+y)+f(2x—y)+6f(y) —4f(x+y)—4f(x—y)—24f(x) e V

for every x,y € K. Then there exists a unique function h: K =Y
such that

h(2x +y) + h(2x — y) + 6h(y) = 4h(x + y) + 4h(x — y) + 24h(x),

1
h(x) — f(x) € ﬂV, x,y € K.

F(x):=f(x)+ %V, xeK
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Corollary 4

Let (K,+) be a commutative group and f: K — Y satisfies
f(2x+y)+f(2x—y)+6f(y) —4f(x+y)—4f(x—y)—24f(x) € V

for every x,y € K. Then there exists a unique function h: K =Y
such that

h(2x +y) + h(2x — y) + 6h(y) = 4h(x + y) + 4h(x — y) + 24h(x),

1
h(x) — f(x) € ﬂV, x,y € K.

F(x):=f(x)+ %V, xeK

F(2x+y)+F(2x—y)+6F(y) C 4F(x+y)+4F(x—y)+24F(x), x,y € K.
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Let F: K —n(Y), keN, V: K x YK S Y, a1, o K— K,
AL, At K — [0,00),
k
dW(x,wr,...,wk),V(x,z1,...,2 Z d(w;, z;)
forx e K, wi,...,wg,z1,...,2x € Y and
k k
Ihrlgrlfz iy (x Z o aj)(x)... Z()\,-n owaj _,0...0a;)(x)
=1 h=1 in=1
XO(F((aj,0...0aj)(x))) =0 for x € K.

v
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Theorem 6
(1) IfY is complete and

W(x, F(ar(x)),. .., Flak(x))) € F(x), x€K,

then there exists a unique selection f: K — Y of the
multifunction cl F such that
V(x, f(ai1(x)),..., f(ak(x))) = f(x) for x € K.

(2) If

F(x) C W(x, F(a1(x)), ..., Flax(x))),  x €K,

then F is a single-valued function and
V(x, F(ai(x)),. .., Flak(x))) = F(x) for x € K.
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Corollary 5
Let F: K—n(Y), a: K— K, ¢: K— R and

liminf |¢(x)||¢(a(x))| - - [6(a"* (x)|6(F (a"(x))) = 0.

(1) If Y is complete and
¢(x)F(a(x)) C F(x),  xeK,
then there exists a unique selection f: K — Y of the
multifunction cl F such that ¢(x)f(a(x)) = f(x) for x € K.
(2) If
F(x) C ¢(x)F(a(x)), x €K,

then F is single-valued function and ¢(x)F(a(x)) = F(x) for
x € K.
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Corollary 6

Let F: K—n(Y), keN, V: K x YESY, a1, ok K— K,
Al,...,)\keR+, )\1—{—...4—)\/(6(0,1),

M = sup{d(F(x)): x € K} < oc.

(1) If Y is complete and

A F(ai(x)) + ...+ MeF(ak(x)) C F(x), x €K,

then there exists a unique selection f: K — Y of the
multifunction cl F such that

Af(aa(x)) + ...+ Mf(ak(x)) = f(x) for x € K.
(2) If

F(x) C MF(a1(x)) + ...+ MF(ak(x)), x €K,

then F is single-valued function and
AF(aa(x)) + ...+ AcF(ak(x)) = F(x) for x € K.

4
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