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On J-continuous functions

J-density topologies

Definition 1 (H. Lebesgue).

A point g € R is a density point of a Lebesgue measurable set A
if
A _
lim AMAN [xg — h,x0+ h))

=1.
h—0t 2h
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J-density topologies

A — a Lebesgue measurable set,

®,4(A) = {z € R: z is a density point of A}.
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J-density topologies

A — a Lebesgue measurable set,

®,4(A) = {z € R: z is a density point of A}.

Theorem 1 (Lebesgue, 1910).

A(A B By(A)) = 0.
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On J-continuous functions

J-density topologies

A — a Lebesgue measurable set,

®,4(A) = {z € R: z is a density point of A}.

Theorem 1 (Lebesgue, 1910).

A(A B By(A)) = 0.

For any sets A, B € L we have :
0 0(0) =0, ®yR)=R;
QO MNAAB)=0= 94(A) = P4(B);
Q \NA A Dy(A)) =0;
Q P4(ANB)=d4A) NPy(B).
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On J-continuous functions

J-density topologies

Theorem 3 (O. Haupt, C. Pauc, 1952).
The family
Ta={AcL: AC Dy(A)}

forms a topology on R called the density topology.
Moreover, we have Tpqt C Tg.
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continuous functions

J-density topologies

J = {Jn}nen is a sequence of intervals tending to zero if

diam{J,, U {0}} — 0.
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On J-continuous functions

J-density topologies

J = {Jn}nen is a sequence of intervals tending to zero if

diam{J,, U {0}} — 0.

Definition 2.

We shall say that a point xo € R is a J—density point of a
measurable set A, if

AAN (Jp + z0))

n—oo |Jn‘

=1.
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continuous functions

J-density topologies

A — a Lebesgue measurable set,

®7(A) ={x € R:xis a J-density point of A}.
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On J-continuous functions

J-density topologies

A — a Lebesgue measurable set,

®7(A) ={x € R:xis a J-density point of A}.

Theorem 4.

For any sets A, B € L we have:
Q0 2;(0)=0, 25R)=R;
Q N(AAB)=0=d5(A) =D45(B);
Q P7(ANB)=d7(A)ND4(B).
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continuous functions

J-density topologies

The equivalent of Lebesgue Density Theorem does not hold. It was
proved by M. Csornyei in Density theorems revisited.
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3,2, MA>0ANAN B (A) =0,
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On J-continuous functions

J-density topologies

The equivalent of Lebesgue Density Theorem does not hold. It was
proved by M. Csornyei in Density theorems revisited.

3,2, MA>0ANAN B (A) =0,

If A€ L then ®7(A) € L.
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On J-continuous functions

J-density topologies

The equivalent of Lebesgue Density Theorem does not hold. It was
proved by M. Csornyei in Density theorems revisited.

3,2, MA>0ANAN B (A) =0,

If A€ L then ®7(A) € L.

Theorem 6.
For A € L we have

A(@7(A) \ A) = 0.
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On J-continuous functions

J-density topologies

Theorem 7.

Let J be a sequence of intervals tending to zero. Then
Tr={AeL:ACDs(A)}.

is a topology on R, which will be called J-density topology.
Moreover, we have Tnat C T7.

Jacek Hejduk & Anna Loranty & Renata Wiertelak Stara Lesna, August 31-September 5, 2014 9 /22



On J-continuous functions

J-density topologies

For every sequence J of intervals tending to zero
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On J-continuous functions

J-density topologies

For every sequence J of intervals tending to zero

(1) Tnat C Tz and the inclusion is proper. In particular Tz is
Hausdorff;
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J-density topologies

For every sequence J of intervals tending to zero

(1) Tnat C Tz and the inclusion is proper. In particular Tz is
Hausdorff;

(i) a subset C of R is closed and discrete with respect to Ty if,
and only if, \(C) = 0;
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J-density topologies

For every sequence J of intervals tending to zero

(1) Tnat C Tz and the inclusion is proper. In particular Tz is
Hausdorff;

(i) a subset C of R is closed and discrete with respect to Ty if,
and only if, \(C) = 0;

(ii1) (R,7T7) is neither separable nor has the Lindelof property;
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On J-continuous functions

J-density topologies

Theorem 8.

For every sequence J of intervals tending to zero

(1) Tnat C Tz and the inclusion is proper. In particular Tz is
Hausdorff;

(i) a subset C of R is closed and discrete with respect to Ty if,
and only if, \(C) = 0;
(iit) (R,7T7) is neither separable nor has the Lindelof property;

(iv) a set A is compact with respect to Ty if, and only if, it is
finite.
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On J-continuous functions

Continuous functions

For J € & we consider four families of continuous functions
defined as follows:

Cnatnat =1 (R, Tnat) = (R, Tnat) },
Crat,7 ={f: (R, Tnat) = (R, T7)},

Camat ={f: (R, T7) = (R, Tnat) },
Crg={f: R, Ty) = (R, T7)}
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Continuous functions

J -continuous functions

For J € & we consider four families of continuous functions
defined as follows:

Cnat,nat :{fi (R,'ﬁmt) ( 77mt)}
Crat,7 =1f+ (R, That) = (R, T7)},
Camat ={f: (R, T7) = (R, Tnat) },

Caa ={f: R,Ty) = (R, T7)}.

Property 1.

For J € 3 the family C,.qt,7 consists of constant functions.
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Crat,7 =1f+ (R, That) = (R, T7)},
Camat ={f: (R, T7) = (R, Tnat) },

Caa ={f: R,Ty) = (R, T7)}.

Property 1.

For J € 3 the family C,.qt,7 consists of constant functions.

Let f € Chat,y and a,b € R, a < b.
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J -continuous functions

For J € & we consider four families of continuous functions
defined as follows:

Cnat,nat :{fi (R,'ﬁmt) ( 77mt)}
Crat,7 =1f+ (R, That) = (R, T7)},
Camat ={f: (R, T7) = (R, Tnat) },

Caa ={f: R,Ty) = (R, T7)}.

Property 1.

For J € 3 the family C,.qt,7 consists of constant functions.

Let f € Chat,y and a,b € R, a < b.
f([a,b]) is T7r-compact and 77-connected.
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J -continuous functions

For J € & we consider four families of continuous functions
defined as follows:

Cnat,nat :{fi (R,'ﬁmt) ( 77mt)}
Cnat.7 ={f: R, Toat) = (R, T7)},
Camat ={f: (R, T7) = (R, Tnat) },

Caa ={f: R,Ty) = (R, T7)}.

Property 1.

For J € 3 the family C,.qt,7 consists of constant functions.

Let f € Cpat,7 and a,b € R, a < b.
f([a,b]) is T7r-compact and 7T 7-connected.
f([a,b]) is a singleton,
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Continuous functions

J -continuous functions

For J € & we consider four families of continuous functions
defined as follows:

Cnat,nat :{fi (R,'ﬁmt) ( 77mt)}
Crat,7 ={f+ (R, Tnat) = (R, T7)},
Camat ={f+ (R, T7) = (R, Tnat)},

Caa ={f: R,Ty) = (R, T7)}.

Property 1.

For J € 3 the family C,.qt,7 consists of constant functions.

Let f € Cpat,7 and a,b € R, a < b.
f([a,b]) is T7r-compact and 7T 7-connected.
f([a,b]) is a singleton, f(a) = f(b) and f is constant.
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continuous functions

Continuous functions

Property 2.

For J € S the following inclusions holds:

Cnat,] Q Cnat,nat C Cj,nat
Cnat,j Q Cj,j C Cj,nat
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On J-continuous functions
Continuous functions

Property 2.

For J € S the following inclusions holds:

Cnat,] Q Cnat,nat C Cj,nat
Cnat,j Q Cj,j C Cj,nat

f(z) = x is the member of Cpatnat and Cz 7 but not Cpar 7.
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On J-continuous functions
Continuous functions

We say that a sequence of intervals J = {[an, bn]},cny € S, is
right-side (left-side) tending to zero if there exists ng € N such
that b, > 0 (a, < 0) for n > ng and

min{0,an} _ <hmmx{wzo>_

n— 00 Qnp,

lim
n—oo n
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On J-continuous functions
Continuous functions

We say that a sequence of intervals J = {[an, bn]},cny € S, is
right-side (left-side) tending to zero if there exists ng € N such
that b, > 0 (a, < 0) for n > ng and

min{0,an} _ <hmmx{wzo>_

n— 00 Qnp,

lim
n—oo n

Sequence of intervals J € & is one-side tending to zero if it is
right-side or left-side tending to zero.
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On J-continuous functions

Continuous functions

We say that a sequence of intervals J = {[an, bn]},cny € S, is
right-side (left-side) tending to zero if there exists ng € N such
that b, > 0 (a, < 0) for n > ng and
lim min{0, a, } _o <lim max{0, by, } _ 0>‘
n—oo

n n—oo a,,n

Sequence of intervals J € & is one-side tending to zero if it is
right-side or left-side tending to zero.

Theorem 9.

Let J € 3. Then [a,b) € Ty ((a,b] € T7) for a < b if and only if
the sequence J is right-side (left-side) tending to zero.
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continuous functions

Continuous functions

Theorem 10.

If J is a sequence of intervals one-side tending to zero, then:
(') Cnat,nat \CJ,J 7é Q),
(ii) CJ,J \ Cnat,nat 7é 0.
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On J-continuous functions
Continuous functions

Theorem 10.

If J is a sequence of intervals one-side tending to zero, then:
(') Cnat,nat \CJ,J 7é Q),
(ii) CJ,J \ Cnat,nat 7é 0.

Theorem 11.

Let J be a sequence of intervals one-side tending to zero. Then

(i) C7,.7 & C7nat
(ii) Cnat,nat Q CJ,nat-
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continuous functions

Continuous functions

Let J be the sequence right side-tending to zero.
f(w) = —|x\, e Cnat,nat - Cj,nat-
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On J-continuous functions

Continuous functions

Let J be the sequence right side-tending to zero.
f(w) = —|x\, e Cnat,nat - Cj,nat-

A

[1,1) € T7 but f~Y([-1,1)) =[-1,1] ¢ T7. Thus f ¢ C7.7.
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On J-continuous functions

Continuous functions

Let J be the sequence right side-tending to zero.
f(w) = —|x\, e Cnat,nat - Cj,nat-

A

[1,1) € T7 but f~Y([-1,1)) =[-1,1] ¢ T7. Thus f ¢ C7.7.
fe Cnat,nat \Cj,Jr fe Cj,nat \CJ,J'
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On J-continuous functions
Continuous functions

Let J be the sequence right side-tending to zero.

h(z)=2z—k for z € [k, k+1), k € Z.

////&///
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On J-continuous functions

Continuous functions

Let J be the sequence right side-tending to zero.

h(z)=2z—k for z € [k, k+1), k € Z.

////&///

If A€ Tz, then h™1(A) = ey ((AN[0,1)) + k) € T
Hence h € Cj,j C Cj,nat-
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Continuous functions

Let J be the sequence right side-tending to zero.

h(z)=2z—k for z € [k, k+1), k € Z.

////&///

If A€ Tz, then h™1(A) = ey ((AN[0,1)) + k) € T
Hence h € C7 7 C C7 nat-
Since A1 ((=1,3)) = Upez [k k + 1) ¢ Trat, we have
h ¢ Cnat,nat-
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Continuous functions

Let J be the sequence right side-tending to zero.

h(z)=2z—k for z € [k, k+1), k € Z.

////&///

If A€ Tz, then h™1(A) = ey ((AN[0,1)) + k) € T
Hence h € C7 7 C C7 nat-
Since A1 ((=1,3)) = Upez [k k + 1) ¢ Trat, we have
h ¢ Cnat,nat-
h € C._’],J \ Cnat,natv h € C._’],nat \Cnat,nat-
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On J-continuous functions
Continuous functions

Property 3.

For J € & be a sequence of intervals one-side tending to zero.
Then the following inclusions holds:

Cnat,] g Cnat,nat gcj,nat
Crat 7 & Cqg % Cdmat
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continuous functions

Continuous functions

If J €S, then there exists K €  such that Ty # Tx,
CJ,J 7& C/C,IC and Cj,nat 7& CIC,nat-
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Continuous functions

If J €S, then there exists K €  such that Ty # Tx,
CJ,J 7& C/C,IC and Cj,nat 7& CIC,nat-

Problem 1.

TJ 7é 77C — Cj,nat 7é ClC,nat-
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On J-continuous functions

Continuous functions

If J €S, then there exists K €  such that Ty # Tx,
CJ,J 7& C/C,IC and Cj,nat 7& CIC,nat-

Problem 1.

TJ 7é 77C — Cj,nat 7é ClC,nat-

Problem 2.

T7#Tx <= Cg.7 #Cxk-
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On J-continuous functions
Continuous functions

Let J, K € 3. Then the sequence ordered in an arbitrary fashion
containing all intervals of the sequences 7 and /C, denoted by
J UK, is called the union of sequences 7 and K.
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On J-continuous functions
Continuous functions

Let J, K € 3. Then the sequence ordered in an arbitrary fashion
containing all intervals of the sequences 7 and /C, denoted by
J UK, is called the union of sequences 7 and K.

Property 4.
If T € S and K €, then

Troke =Ty N Tk.
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On J-continuous functions

Continuous functions

Let J, K € 3. Then the sequence ordered in an arbitrary fashion
containing all intervals of the sequences 7 and /C, denoted by
J UK, is called the union of sequences 7 and K.

Property 4.
If T € S and K €, then

Troke =Ty N Tk.

D70 (A) = Py(A) NP (A).
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On J-continuous functions
Continuous functions

Property 5.
Let 7 € S and K € &. Then

(i) CJ,nat N CIC,nat = CJUIC,nat:

(ii) Cnat,J N Cnat,lC = Cnat,JUIC:
(iii) Cj,j N CIC,IC C CJUIC,jUIC-
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Property 5.
Let 7 € S and K € &. Then

(i) CJ,nat N CIC,nat = CJUIC,nat:

(ii) Cnat,J N Cnat,lC = Cnat,JUIC:
(iii) Cj,j N CIC,IC C CJUIC,jUIC-

Let ‘7 = { [_%’O] }nGN’ K= { [0’ %] }nGN'
T7uk is the density topology.
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Continuous functions

Property 5.
Let 7 € S and K € &. Then

(i) CJ,nat N CIC,nat = CJUIC,nat:

(ii) Cnat,J N Cnat,lC = Cnat,JUIC:
(iii) CJ,J N CIC,IC C CJUIC,jUIC-

Let ‘7 = { [_%’O] }nEN’ K= { [0’ %] }nGN'
T7uk is the density topology.
f(z) = —x belongs to the family Crux. 7uk-
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Continuous functions

Property 5.
Let 7 € S and K € &. Then

(i) CJ,nat N CIC,nat = CJUIC,nat:

(ii) Cnat,J N Cnat,lC = Cnat,JUIC:
(iii) CJ,J N CIC,IC C CJUIC,jUIC-

Let J = { [_%’O] }nEN’ K= { [0’ %] }nGN'
T7uk is the density topology.

f(z) = —x belongs to the family Crux. 7uk-
[0,1) € Tx, whereas f~1(]0,1)) = (—1,0] ¢ Tx.
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On J-continuous functions

Continuous functions

Property 5.
Let 7 € S and K € &. Then

(i) CJ,nat N CIC,nat = CJUIC,nat:

(ii) Cnat,J N Cnat,lC = Cnat,JUIC:
(iii) CJ,J N CIC,IC C CJUIC,jUIC-

Let 7 = {[=5. 0]} K = {[0.3] } e
T7uk is the density topology.

f(z) = —x belongs to the family Crux. 7uk-
[0,1) € Tx, whereas f~1(]0,1)) = (—1,0] ¢ Tx.
It implies that f ¢ Cx k.
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