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Let X, Y be a linear space (both over afield F € {R,C}), f: X = Y.
We deal with the general linear functional equation

where A,a; € F, Aje F\{0},ie{1,....m},je{1,...,nk
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Let X, Y be a linear space (both over afield F € {R,C}), f: X = Y.
We deal with the general linear functional equation

where A,a; € F, Aje F\{0},ie{1,....m},je{1,...,nk
linear equation

f(ax + by) = Af(x) + Bf(y);
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Let X, Y be a linear space (both over afield F € {R,C}), f: X = Y.
We deal with the general linear functional equation

linear equation

where A,a; € F, Aje F\{0},ie{1,....m},je{1,...,nk
quadratic equation

f(ax + by) = Af(x) + Bf(y);

f(x +y) + f(x - y) = 2f(x) + 2f(y);
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Let X, Y be a linear space (both over afield F € {R,C}), f: X = Y.
We deal with the general linear functional equation

linear equation

where A,a; € F, Aje F\{0},ie{1,....m},je{1,...,nk
quadratic equation

p-Wright equation

f(ax + by) = Af(x) + Bf(y);
f(x +y) + f(x - y) = 2f(x) + 2f(y);

fpx + (1= p)y) + f((1 - p)x + py) = f(x) + f(y);
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Let X, Y be a linear space (both over afield F € {R,C}), f: X = Y.
We deal with the general linear functional equation

linear equation
quadratic equation

where A,a; € F, Aje F\{0},ie{1,....m},je{1,...,nk
p-Wright equation

f(ax + by) = Af(x) + Bf(y);

f(x +y) + f(x - y) = 2f(x) + 2f(y);
Fréchet equation

flox + (1 = p)y) + f((1 = p)x + py) = f(x) + {(y);
Agfwxn f(X) = 0’
where a,b,A,B,p e F\{0,1}and ne N.
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AB the family of all functions mapping a set B # @ into aset A # 0
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Ly,

the inequality

(H1) X is a nonempty set, Y is a Banach space, fi,
...,Lj: X - R4 :=[0,0) are given, and 7 :

L, fi: X > Xand

N YX is an operator satisfying
J
[7£(x) - Tu)|| < D L) - u(B())],  &pne Y¥ixex
i=
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Ly,

the inequality

(H1) X is a nonempty set, Y is a Banach space, fi,
...,Lj: X - R4 :=[0,0) are given, and 7 :

L, fi: X > Xand

N YX is an operator satisfying
j
[7£(x) - Tu)|| < D L) - u(B())],  &pne Y¥ixex
i=1
(H2) A: R, X - R, X is defined by

N6(x) := Zl: Li(x)s(fi(x)), seR X, xeX.
i=
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J. Brzdek, J. Chudziak, Z. Péales, A fixed point approach to stability of functional
equations, Nonlinear Anal. 74(2011), 6728-6732.
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Theorem 1

Let hypotheses (H1), (H2) be valid and the functions e: X — Ry and ¢: X — Y fulfil the
following two conditions

J. Brzdek, J. Chudziak, Z. Péales, A fixed point approach to stability of functional
equations, Nonlinear Anal. 74(2011), 6728-6732.
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Theorem 1

Let hypotheses (H1), (H2) be valid and the functions e: X — Ry and ¢: X — Y fulfil the
following two conditions

[7(x) = e(x)]| < e(x).

xeX,
£(x) = Z Neg(x) < oo,
n=0

x e X.

J. Brzdek, J. Chudziak, Z. Péales, A fixed point approach to stability of functional
equations, Nonlinear Anal. 74(2011), 6728-6732.
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Theorem 1

Let hypotheses (H1), (H2) be valid and the functions e: X — Ry and ¢: X — Y fulfil the
following two conditions

[7(x) = e(x)]| < e(x).

xeX,
£(x) = Z Neg(x) < oo,
n=0

x e X.
Then there exists a unique fixed point y of 7~ with

lle(x) = ()l < &™(x),

x e X.

J. Brzdek, J. Chudziak, Z. Péales, A fixed point approach to stability of functional
equations, Nonlinear Anal. 74(2011), 6728-6732.
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Theorem 1

Let hypotheses (H1), (H2) be valid and the functions e: X — Ry and ¢: X — Y fulfil the
following two conditions

||7’ga(x) - <p(x)|| < g(x), x € X,
£(x) = Z Ng(x) <o, xeX
n=0
Then there exists a unique fixed point y of 7~ with
llp(x) =y (x)Il < (%), x e X.
Moreover
Y(x) = lim 77(x),

x e X.

J. Brzdek, J. Chudziak, Z. Pales, A fixed point approach to stability of functional
equations, Nonlinear Anal. 74(2011), 6728-6732.
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where f: X —» Yand A,a; €F, Aj e F\ {0}, ie{1,....m},je{1,....,n}
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where f: X - Yand A,a; €F, A e F\{0},ie{l,....m},jef{1,....,n}.

coefficients in the equation (1) are such that

From now on, we assume that X, Y are the normed spaces over a field F € {R, C} and the

m
A=0or (A#0and ZA,-#:O).

i=1
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where f: X - Yand A,a; €F, A e F\{0},ie{l,....m},jef{1,....,n}.

From now on, we assume that X, Y are the normed spaces over a field F € {R, C} and the
coefficients in the equation (1) are such that

m
A=0or (A#0and ZA,-#:O).

i=1
Denote
Xo: X\ {0},
Fo:= F\{0},
Ne = {1,...,k},
N :

{le NU({0}: 1>k}, k e NU {0}.

it
v

«O>» «F»r « > < Q>



Theorem 2

Let the functions g : X — Y, w : Fo — Ry, 6: XJ — R satisfy
and

0(BX1,....BXn) < w(B)O(X1,...,Xn)

B €Fo, X1,...,Xn € Xo,
m n
”ZA"Q(Za'TXf)"‘A”S@(XL . Xn), X{,...,Xn € Xo.
i=1 j=1
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Theorem 2

Let the functions g : X —» Y, w : Fg — Ry, 6: X] — R, satisfy

0(Bx1,....BXn) < w(B)O(X1,....Xn)  BEFo, Xq,...,Xn € Xo, )
and :
1" Ag(> %) + Al < 0(x1,....xa),  XtoooXn € Xo ®
i=1 j=1
If there exist @ # | ¢ N, and the sequence {(c1 s

Z a,,c € Fo,

Bi=1,ie

cf)ken of elements of F7 such that
i€Ngp, keN

_ ; Ail gk
Lo A= A %0, k'E‘LZ‘K,“"(ﬁ")“
i€l i¢l
Jim 6(ckx,...,ckx) =0,
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Theorem 2

Let the functions g : X —» Y, w : Fg — Ry, 6: X] — R, satisfy

0(Bx1,....BXn) < w(B)O(X1,....Xn)  BEFo, Xq,...,Xn € Xo, )
and
n
1> 49> @) + Al < 6(x1..... %), Xi.....xn € Xo. 3
i=1 =
If there exist ® # | c N<, and the sequence [(c1 s cf)ken of elements of F7 such that
Za,,c € Fo, i€Ngp, keN
F=1 A=) A ] Aty < 1
Bi =1, I, | Z i # 0, kl_l?']wz‘x"w(ﬁi)<
i€l i¢l
: K
Jim o
then g satisfies

Lckx)y=o,

n
D AG() apx) +A =0
=

=0, X1,...,Xn € Xo.
j=1
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Proof. Without loss of generality we can assume that Y is a Banach space.
There exists @ € (0,1) and kg € N such that

Yk = Z|%'w(ﬂf‘) <a, k=>ko.
igl
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Proof. Without loss of generality we can assume that Y is a Banach space
There exists @ € (0,1) and ko € N such that

Z'%’w(ﬁf‘) <a. k=k
il
have N

®)
g(,Bk i< o(ckx,...,chx)
igl

>

First assume that A = 0 Taklng x € Xo, k > ko and substituting x; = ckx j€Ngpin (3) we
llg(x) - Z

1Al

x € Xp.

(6)
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Proof. Without loss of generality we can assume that Y is a Banach space
There exists @ € (0,1) and ko € N such that

have

igl
Define

7T¢(x)

A6(x)

&(x)

Z'%’w(ﬁf) <a, k>ko
il

llg(x) - Z

k
“aB0l < oo

1Al

., ckx)

>

x € Xp.
Z _—Aif(ﬂkx) £e Y xeX

A i B 0>
A

i¢l

—A:
Z'T'|5(,Bf‘x), §eR0 x € Xo,
PT
0(ckx,....ckx)

>

x € Xp.
Al

(=]
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First assume that A = 0 Taklng x € Xo, k 2 ko and substituting x; = ¢x, j € N<p in (3) we

®)

(6)

RN Ge



Proof. Without loss of generality we can assume that Y is a Banach space
There exists @ € (0,1) and ko € N such that

A.
Z'K"w(ﬁf‘)<ar, k > ko (5)
T
First assume that A = 0 Taklng x € Xo, k 2 ko and substituting x; = ¢x, j € N<p in (3) we
have 6(ckx,...,ckx)
llg(x) - Z gwk X< = " XeX. ®)
P A
Define _A
TE(x) = Z Tllf(ﬂt-(x), £e Y xe X,
]
Z' |6(,8kx) §eR0 x € Xo,
6(ckx, ..., ckx
s(x) = (e A n ), x € Xo.
Then (6) takes the form
© lgx) - Tgl < e(x).  x € Xo.
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Proof. Without loss of generality we can assume that Y is a Banach space
There exists @ € (0,1) and ko € N such that

A.
Z‘_"w(ﬂﬁ‘)<a, k > ko (5)
1A
il
First assume that A = 0 Taklng x € Xo, k 2 ko and substituting x; = ¢x, j € N<p in (3) we
have 6(ckx,...,ckx)
llg(x) - Z g(ﬂk Xl < = Al TS, xeXo. 6)
il
Define A
TEX) = Z T/'f(ﬁf-‘x), £eYX xe X,
igl
Z ' |6(,ka) S§eR. %, x € Xo,
0(ckx,...,ckx
s(x) = ( 1 Ty n ), x € Xo.
Then (6) takes the form
© llg(x) = Tg(x)ll < &(x) x € Xo.
Using (5), we get o

(=]

=

£(x) = Z(/\"s)(x ) < e(x) Zy = E(Xy)k, X €Xo.
_ Hyperstability of some functional equation



There exists a unique fixed point Gx : Xop — Y of 7 such that

a(ckx,...,ckx)
lg(x) = Gk (NIl < —— .
holds and Gk (x) = limp—e (779)(x) for x € Xp.

s

[AI(T = 7x)

«O>» «F» > QA

x € Xp
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There exists a unique fixed point Gk : Xo — Y of 7~ such that

llg(x) = Gk (x)Il <

0(ckx, ..., ckx)

AN = k)
holds and Gk (x) = limp5(7"9)(x) for x € Xo.
It is easy to show that for every | € Ny and every xy,

B

X € Xp.

... Xn € Xo
m n
| 2 AT} 2| < viba.... )
i=1 j=

1
G satisfies the equation (1) (with A = 0).
that g satisfies (4).

We obtain the sequence {Gk}keNk0 of functions satisfying (1). Letting in (7) k — oo, we get
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There exists a unique fixed point Gk : Xo — Y of 7~ such that

0(ckx, ..., ckx)

llg(x) — Gk(X)I| € ———7—, X € Xp. 7
9(x) = Gk(x) IAI( = k) 0 @)
holds and Gk (x) = limp5(7"9)(x) for x € Xo.

It is easy to show that for every | € Ny and every xq,..., X, € Xo

m n
1> A9 ap)|| < vioxas .. xm).
i=1 =
G satisfies the equation (1) (with A = 0).
We obtain the sequence {Gk}keNk0 of functions satisfying (1). Letting in (7) k — oo, we get

that g satisfies (4).

If A#0and X7, A # 0 we define a function h : Xo — Y in the following way

h = .
() =000+ 5

From (3)
m n
||ZA,-h(Z agx)|| < 0(x1..... %), X1.....Xn € Xo,
==

and consequently, the function h satisfies (1) with A = 0, and hence g.is a solution of (4).



Applying Theorem 2 we can obtain the following result for the particular form of 6, namely for
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Applying Theorem 2 we can obtain the following result for the particular form of 6, namely for

Notice that defined this way the function 6 fulfills the condition

0(Bx1,....BXn) < w(B)O(x1,.
with w(B) = |BZ=1" for € Fo.

. ',Xn),

B €Fo, X1,...,Xn € Xo.

«O>» «F»r « > < Q>
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Theorem 3

Assume thatg : X — Y fulfills

=1

m n
1> Ag(D ) apx) + Al < iy i, xi,
i=1 j:

with C > 0, k; € R such that Z]”_1 ki < 0.

...,X,-,GXO
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Theorem 3

Assume thatg : X — Y fulfills

m n

ki
1" Ag(D ) @) + Al < Crly I, xi,....xn € Xo
i=1 =1

with C > 0, k; € R such that Z]”_1 ki < 0.

If there exist iy € N<yy and jo € N<, such that
ij <0, app #0, Zaioj =0 and Za,-j # 0 fori # io,
J#io J#io

J#o
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Theorem 3

Assume thatg : X — Y fulfills
m n
1Y Ag(Y" ax) + Al < COy NI, X1, %0 € Xo
i=1 =
with C > 0, k; € R such that Z]”_1 ki < 0.
If there exist iy € N<yy and jo € N<, such that
ij <0, app #0, Zaioj =0 and Za,-j # 0 fori # io,
J#io J#io
then g satisfies (4).

J#o
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Theorem 3

Assume thatg : X — Y fulfills

m n

k.
1Y Ag(D apx) + All < C Iy Il X1, % € Xo
i=1 =1

with C > 0, k; € R such that Z]”_1 ki < 0.
If there exist iy € N<yy and jo € N<, such that
ij <0, app #0, Zaio,- =0 and Za,-,- # 0 fori # io,
J#io J#io J#o
then g satisfies (4).

Proof. Define the sequence {(c¥,

cfY ke as follows

B k forj # jo
c' = 1
! il

forj=jo -

(=]
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Theorem 3

Assume thatg : X — Y fulfills

m n

1> 4> @) + Al < Cr Iglls,  xi.....xn € Xo
= =

with C > 0, kj € R such that 3} kj < 0.

If there exist iy € N<yy and jo € N<, such that

ij<0, ajpj, # 0, Za,-o,-:o and Za,-,-;tOforiqtio,
J#io J#io J#io
then g satisfies (4).

Proof. Define the sequence {(ck,

. XY} kew as follows

B k forj # jo
Cc' = . .
i a forj=jo

gk

]

The assumptions of Theorem 2 are fulfilled with | = {ip}, which completes the proof.

o = =
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Theorem 3

Assume that g : X — Y fulfills

m n
I 21 Aig(Z apx) + Al < CrL, Ik, xi,
= =

with C > 0, kj € R such that 3.7, kj < 0.

..., Xn € Xo
If there exist iy € N<m and jo € N<, such that
Dlki<0, ap, #0, Y ag=0 and » aj#0fori#i,
J#io J#o J#o
then g satisfies (4).

and k1 + ko < 0.

From Theorem 3 we obtain that linear equation (especially Cauchy, Jensen equation),
quadratic equation, p-Write equation are 6-hyperstable with 6(x, y) = ClixlIt|iylle ¢ > 0

of some
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where A denotes the difference operator defined by

Anf(x) = A}F(x) = f(x + h) - f(x),
ap!

1--Pnt

1) = By (D], F00))

x,heX,

X,hy...hpp1 € X, neN.
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Fréchet functional equation

where A denotes the difference operator defined by
+1
Ap

1--Pnt

Anf(x) = A}F(x) = f(x + h) - f(x),

1) = By (D], F00))

x,heX,

X,hy...hpp1 € X, neN.
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Fréchet functional equation

where A denotes the difference operator defined by
+1
Ap

1--Pnt

Anf(x) = A}F(x) = f(x + h) - f(x),

1) = By (D], F00))

x,heX,
145-162.

X,hy...hpp1 € X, neN.
Fréchet M., Une définition fonctionnelle des polynomes, Nouv. Ann. 9 (4) (1909),



Corollary 4

Assume thatn e Np and g : X — Y fulfills
1A% g(x)ll < (X1, ... Xn)

le{1,2}, x1,...,Xn € Xp
where  61(x1,....xn) := (Z]_; CGilIxl9)"  with C; > 0, wkj <O forje(1,....n),
02(x1,... Xn) := C AL [IxjI'9 with C > 0, 37, kj < 0.
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Corollary 4

Assume thatn e Np and g : X — Y fulfills

1AL, 9l < 61(x1. ... Xn),

le{1,2}, x1,...,Xn € Xp
where  61(x1,....%n) := (I, Cillx;lIki )

with C; > 0, wk; < 0 forj € {1,
02(x1,... Xn) := C AL [IxjI'9 with C > 0, 37, kj < 0.
Then g is a solution of the equation
An—1

x2<~~x,.g(x1) =0,

X1,..+,Xn € Xp.

.., n},

(=]
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Notice that putting x = 0 in

Az1 —hf(X) =0,
and assuming that f(0) = 0 we obtain with n = 2 Cauchy equation
and with n = 3 the equation

f(x +y) = f(x) + 1(y),

®)

f(x+y+2z)+1(x) + f(y) + f(2) = f(x +y) + f(x +2) + f(y + 2).

©)

«O>r «F»r « > Q>
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Denote

F(f.x1.....%n) = A, f(0) + (=1)"""7(0),

feYX xi,....xn € X.

it
-
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Denote

F(f,X1,...,Xn) = A}

XqXp

£(0) + (=1)"1£(0),

fe YX,x1,. L, Xp € X.

F(g,X1,...,Xn) = 0
Corollary 5

(10)

Assume thatn e Np and g : X — Y fulfills

1F(gs X1, ... Xn)ll < 6i(X1,. ..., Xn),
where  61(x1, ..., xn) i= (I Gillxjlli)"

le(1.2), x,
6a(x1, ., Xn) 1= C M, Il

., Xn € Xo

with C; > 0, wk; <0 forj € {1,
with C > 0, Z}’_1 ki < 0.

.., n},

(=]
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Denote

F(f,X1,...,Xn) = A}

XqXp

£(0) + (=1)"1£(0),

fe YX,x1,. L, Xp € X.

F(Q,X1,...,Xn) = 0
Corollary 5

(10)

Assume thatn e Np and g : X — Y fulfills

1F(g. X1, . .- xn)ll < 61(x1,

-3 Xn)s

where  61(x1,...,Xn) := (], CjlIx;lIf )™

— ki
O2(X1. ... Xn) := C UL, [l

lef{1,2}, xi,
Then g is a solution of the equation

., Xn € Xo
with C; > 0, wk; <0 forje {1,.
with C > 0, Z}’_1 ki < 0.
F(g.x1,....X2) =0,

(=]

=

X1,y ...,Xn € Xp.
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