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Notations and assumptions

(X, ρ) - compact metric space

O(x0) -the family of all neigbourhoods of x0

Bρ(x0, ε) = {x ∈ X : ρ(x0, x) < ε}

f : X → X, f0(x) = x, fn+1(x) = f(fn(x))

Fix(f) = {x ∈ X : f(x) = x}

A→
f
B ⇔ B ⊂ f(A)

h(f) - entropy of a function f

F ⊂ exp(X) \ ∅ - a family such that each nonempty open set contains
some element of F .
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Y - open subset of X.
ϑYF={(A1, . . . Am) :m ∈ N, A1 . . . Am∈F , A1, . . . Am ⊂ Y,Ai∩Aj = ∅}.
For a sequence A = (A1, . . . , Am) ∈ ϑXF we define the matrix
MA,f = [mij ]

m
i,j=1 in the following way:

mij =

1 if Ai →
f
Aj

0 otherwise.

The entropy of a function f with respect to a sequence
A = (A1, . . . , Am) ∈ ϑXF :

Hf (F ) =

{
log σ(MF,f ) if σ(MF,f ) > 0,

0 if σ(MF,f ) = 0.

where σ(MF,f ) = lim sup
n→∞

n

√
tr(Mn

F,f ).
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HF ,f (Y ) = sup

{
1

n
Hfn(F ) : F ∈ ϑYF ∧ n ∈ N

}
.

d(F , f, Y ) =


HF,f (Y )
h(f) if h(f) ∈ (0,∞),

1 if HF ,f (Y ) =∞ or h(f) = 0,

0 if HF ,f (Y ) ∈ [0,∞) and h(f) =∞.

A density of entropy of f with respect to F at the point x0:

EF ,f (x0) = inf{d(F , f, V ) : V ∈ O(x0)}

We say that a point x0 ∈ X is an F-focal point of entropy of f if:

EF ,f (x0) = 1.

EF (f) - the set of all F-focal points of entropy of f .
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Nonwandering and recurrent points

Let f : X → X. We say that a point x0 ∈ X is a wandering point for f
if there exists a set U ∈ O(x0) such that U ∩ f i(U) = ∅ for any i ∈ N.

A point which is not a wandering point for f is called nonwandering
point for f .

Ω(f) - the set of all nonwandering points for f .

A point x0 ∈ X is called a recurrent point for f if there exists a
sequence {nk}k∈N of positive integers such that x0 = lim

k→∞
fnk(x0).

R(f) - the set of all recurrent points for f .

R(f) ⊂ Ω(f)

E.Korczak-Kubiak, A. Loranty, R. Pawlak Stará Lesná, September 2014 5 / 11
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Theorem 1.

Let f : X → X be a function such that h(f) > 0 and F ⊂ exp(X) \ {∅}
be a family such that each open set contains some element of F . If
x ∈ X is an F-focal point of entropy of f then x is a nonwandering
point for f .

Example
X = [0, 1], f(x) = 1. Obviously h(f) = 0.
Each point x0 ∈ [0, 1) is F-focal point of entropy of f , but it is a
wandering point for f .

blublu
nnn
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Theorem 1.

Let f : X → X be a function such that h(f) > 0 and F ⊂ exp(X) \ {∅}
be a family such that each open set contains some element of F . If
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Example
X = [0, 1], f(x) = 1. Obviously h(f) = 0.
Each point x0 ∈ [0, 1) is F-focal point of entropy of f , but it is a
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h(f) = 0⇒ EF (f) = X.
U ∩ f i(U) = [0, a) ∩ {1} = ∅
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Theorem 1.

Let f : X → X be a function such that h(f) > 0 and F ⊂ exp(X) \ {∅}
be a family such that each open set contains some element of F . If
x ∈ X is an F-focal point of entropy of f then x is a nonwandering
point for f .

Example
X = [0, 1], f(x) = 1. Obviously h(f) = 0.
Each point x0 ∈ [0, 1) is F-focal point of entropy of f , but it is a
wandering point for f .

Let U ∈ O(x0) be such that 1 6∈ U . For any i ∈ N we have
U ∩ f i(U) = U ∩ {1} = ∅.
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We will say that f ∈ J(F) if for any n ∈ N and for any sequence
(A1, ..., Am−1, A1) ∈ ϑXF such that

A1 →
fn
A2 →

fn
...→

fn
Am−1 →

fn
Am = A1

there exists x0 ∈ A1 such that fn+m−1(x0) = x0 and
fn+i−1(x0) ∈ Ai+1, for i ∈ {1, 2, ...,m− 1}.
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Theorem 2.

Let f : X → X be a function such that h(f) > 0 and f ∈ J(F). If x0 is
F-focal point of entropy of f , then h(f � (U ∩R(f))) = h(f) for any
U ∈ O(x0).

EF (f) = X but R(f) = {0, 1}.
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F-modifiable function

(X, ρ) - compact metric space being an m-dimensional manifold with
boundary
f, g : X → X
O(f, g) = {x ∈ X : f(x) 6= g(x)}
ρu - metric of uniform convergence

We say that a continuous function f : X → X is F-modifiable
at a point x0 if

for any ε > 0 there exists a continuous function g such that

x0 is an F-focal entropy point of g, ρu(f, g) < ε and O(f, g) ⊂ Bρ(x0, ε).

Theorem 4.

Let X be a compact metric space being an m-dimensional manifold,
f : X → X be a continuous function, x0 ∈ Fix(f) and F be a family of
all closed subsets of X. Then f is F-modifiable at the point x0.
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Hm = {(x1, . . . , xm) : xm ≥ 0}.

f, g : X → X
O(f, g) = {x ∈ X : f(x) 6= g(x)}
ρu - metric of uniform convergence

We say that a continuous function f : X → X is F-modifiable
at a point x0 if

for any ε > 0 there exists a continuous function g such that

x0 is an F-focal entropy point of g, ρu(f, g) < ε and O(f, g) ⊂ Bρ(x0, ε).

Theorem 4.

Let X be a compact metric space being an m-dimensional manifold,
f : X → X be a continuous function, x0 ∈ Fix(f) and F be a family of
all closed subsets of X. Then f is F-modifiable at the point x0.

E.Korczak-Kubiak, A. Loranty, R. Pawlak Stará Lesná, September 2014 10 / 11



F-modifiable function

(X, ρ) - compact metric space being an m-dimensional manifold with
boundary
f, g : X → X

O(f, g) = {x ∈ X : f(x) 6= g(x)}
ρu - metric of uniform convergence

We say that a continuous function f : X → X is F-modifiable
at a point x0 if

for any ε > 0 there exists a continuous function g such that

x0 is an F-focal entropy point of g, ρu(f, g) < ε and O(f, g) ⊂ Bρ(x0, ε).

Theorem 4.

Let X be a compact metric space being an m-dimensional manifold,
f : X → X be a continuous function, x0 ∈ Fix(f) and F be a family of
all closed subsets of X. Then f is F-modifiable at the point x0.

E.Korczak-Kubiak, A. Loranty, R. Pawlak Stará Lesná, September 2014 10 / 11
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F-modifiable function

(X, ρ) - compact metric space being an m-dimensional manifold with
boundary
f, g : X → X
O(f, g) = {x ∈ X : f(x) 6= g(x)}
ρu - metric of uniform convergence

We say that a continuous function f : X → X is F-modifiable
at a point x0 if

for any ε > 0 there exists a continuous function g such that

x0 is an F-focal entropy point of g, ρu(f, g) < ε and O(f, g) ⊂ Bρ(x0, ε).

Theorem 4.

Let X be a compact metric space being an m-dimensional manifold,
f : X → X be a continuous function, x0 ∈ Fix(f) and F be a family of
all closed subsets of X. Then f is F-modifiable at the point x0.

E.Korczak-Kubiak, A. Loranty, R. Pawlak Stará Lesná, September 2014 10 / 11
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Theorem 4.

Let X be a compact metric space being an m-dimensional manifold,
f : X → X be a continuous function, x0 ∈ Fix(f) and F be a family of
all closed subsets of X. Then f is F-modifiable at the point x0.
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