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The aim of this lecture is the solution of the problem: characterize the di�erence
of lower semicontinuous strong Swiatkowski functions (raised by A. Maliszewski).

We deal with the classes of real functions de�ned on the real line and we will use
the following symbols for the classes of functions:

symbol classes of functions

C continuous
D Darboux
Q quasi− continuous
lsc lower semicontinuous
usc upper semicontinuous

Śs strong Światkowski

Śslsc denotes Śs ∩ lsc and analogical meaning have designations Dlsc and DQlsc.
We will denote B̂1 or lsc − lsc respectively, the family of all di�erences of two
lower (uper) semicontinuous functions. Again, analogous meaning have designation
DQlsc−DQlsc or Śslsc− Śslsc respectively.

The real line is denoted by R and let I ⊂ R be an interval.

De�nition 1. A function f : I → R is the Darboux function if it maps connected
sets onto conected sets.

A function f is said to be quasi − continuous at the point x0 if for each open
set U ∋ x0 and each open set V ∋ f (x0) there is a nonempty open set W ⊂ U with
f (W ) ⊂ V . f is quasi − continuous functions if it is quasi-continuous at each
point x ∈ I.

We say that f is strong Światkowski function if whenever α, β ∈ I, α < β,
and y ∈ (f (α) , f (β)) , there is an x0 ∈ (α, β) ∩ Cf such that f (x0) = y.

It is evident that

Śslsc ⊂ DQlsc.

A. Maliszewski in [1] , page107, formulate following open problem: Characterize the
sums and the di�erences of upper senicontinuous strong �wiatkowski functions.

A. Maliszewski in [3] and [2] solve the analogous problem for the family of Dar-
boux upper semicontinuous quasi-continuous functions. It is proved in [3] that
each upper semicontinuous function is the sum of two Darboux upper semicontinu-
ous quasi-continuous functions. Moreover, later it is proved in [4] that each upper
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semicontinuous function is the sum of two upper semicontinuous strong �wiatkowski
functions, that is

usc = DQusc+DQusc = Śsusc+ Śsusc

With respect to the di�erence of two upper senicontinuous functions it is proved
in [2] that a Darboux quasi-continuous function f ∈ B̂1 if and only if it is equal
to the di�erence of two Darbox quasi-continuous upper semicontinuous functions.
This assertion may be represented by the equation

DQ (usc− usc) = DQusc−DQusc (⋆)

The next Theorem 2 is know (see [1], Theorem 3.3., p. 96).

Theorem 2. Let the function f ∈ DQlsc and let ε > 0 be arbitrary real number.

Then there exists a continuous function g, 0 ≤ g ≤ ε such, that the function

f + g ∈ Śslsc.

One can, however, prove more:

Theorem 3. Let the functions f1, f2, ..., fm ∈ DQlsc and let ε > 0 be arbitrary

real number. Then there exists a continuous function g, 0 ≤ g ≤ ε, such that the

function fi + g ∈ Śslsc for every i = 1, 2, ...,m.

Since Śslsc ⊂ lscDQ, so

Śslsc− Śslsc ⊂ lscDQ− lscDQ.

If a function f = f1−f2, where f1, f2 ∈ DQlsc, then according to Theorem 3 there
exists a continuous function α such that the functions f1+α, f2+α are from the class
Śslsc and therefore the function f = f1 − f2 = (f1 + α)− (f2 + α) ∈ Śslsc− Śslsc.
We prove that

Śslsc− Śslsc ⊃ DQlsc−DQlsc.

From foregoing it follows, that

(lsc− lsc) ∩DQ = DQlsc−DQlsc = Śslsc− Śslsc,

which characterize the class of di�erences of lower (upper) semicontinuous strong
�wiatkowski functions.

Remark 4. Suppose now that the function

f ∈

{ ∞∑
n=1

fn :
∞∑

n=1

|fn (x)| < ∞ for every x ∈ I, with each fn ∈ C

}

According [4], this class of functions coincide with the class of di�erences of lower
semicontinuous functions, that is

f = f1 − f2, where f1, f2 ∈ lsc.
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We are interested which properties of the function f result from the properties of
functions f1 and f2 and conversely.

f f1, f2
boundedness ⇐ boundedness
continuity at x0 ∈ I ⇐ continuity at x0 ∈ I
boundedness ; boundedness
continuity a. e. ; continuity a.e.
DQ ⇔ DQ

Śs : Śs
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