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Symmetrization – 1 variable

a a + b

2

b

If f(x) is convex on [a, b],

then so is f(a + b − x).

Hence f(x) + f(a + b − x)

is convex on [a, b] and
symmetric wrt. the midpoint

x a + b − x

∫b

a

f(a + b − x)dx =
∫b

a

f(x)dx
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Symmetrization – 1 variable

Properties

� g(x) = f(x) + f(a+ b− x) – the symmetrization of f

� g is symmetric wrt. the midpoint a+b
2

� g(a) = g(b) = f(a) + f(b) and g
(
a+b
2

)
= 2f

(
a+b
2

)
�

∫b
a

g(x)dx = 2
∫b
a

f(x)dx

Symmetrization of a convex function
Suppose f is convex on [a, b].

� g is convex

� g
(
a+b
2

)
= 2f

(
a+b
2

)
6 f(x) + f(a+ b− x) = g(x) 6 g(a)
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Symmetrization – 1 variable

Hermite–Hadamard inequality by symmetrization
Suppose f is convex on [a, b].

� g
(
a+b
2

)
6 g(x) 6 g(a)

� (b− a)g
(
a+b
2

)
6

∫b
a

g(x)dx 6 (b− a)g(a)

� 2(b− a)f
(
a+b
2

)
6

∫b
a

(
f(x) + f(a+ b− x)

)
dx

6 (b− a)
(
f(a) + f(b)

)
� 2(b− a)f

(
a+b
2

)
6 2

∫b
a

f(x)dx 6 (b− a)
(
f(a) + f(b)

)
� f

(
a+ b

2

)
6

1

b− a

∫b
a

f(x)dx 6
f(a) + f(b)

2
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Symmetrization – 1 variable

a ba + b

2

∫b

a

g(x)dx−(b − a)g
(
a + b

2

)

(b − a)g
(
a + b

2

)

S

∫b
a

g(x)dx− (b− a)g
(a+ b

2

)
6 S

6 (b− a)g(a) −

∫b
a

g(x)dx
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Symmetrization – 1 variable

LHH estimates the integral MV better than RHH
Suppose f is convex on [a, b].

� f

(
a+ b

2

)
6

1

b− a

∫b
a

f(x)dx 6
f(a) + f(b)

2
HH inequality

� 0 6
1

b− a

∫b
a

f(x)dx− f
(
a+ b

2

)
LHH

� 0 6
f(a) + f(b)

2
−

1

b− a

∫b
a

f(x)dx RHH

� f convex on [a, b] =⇒ 0 6 LHH 6 RHH
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Symmetrization – 1 variable

Proof by symmetrization

� 0 6
∫b
a

g(x)dx−(b−a)g
(a+ b

2

)
6 (b−a)g(a)−

∫b
a

g(x)dx

� 0 6 2
∫b
a

f(x)dx− 2(b− a)f
(a+ b

2

)
6 (b− a)

(
f(a) + f(b)

)
− 2

∫b
a

f(x)dx

� Divide both sides by 2(b− a).
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Symmetrization – 1 variable

The inequality 0 6 LHH 6 RHH is optimal

a b

LHH
2

LHH
2

RHH

LHH = RHH
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Symmetrization – 2 variables

v0 v1

v2

b =
1

3
(v0 + v1 + v2)

x = t0v0 + t1v1 + t2v2 = σ0(x)

σ1(x) = t1v0 + t2v1 + t0v2

σ2(x) = t2v0 + t0v1 + t1v2

Symmetrization of the function f : S→ R

F(x) = f
(
σ0(x)

)
+ f
(
σ1(x)

)
+ f
(
σ2(x)

)
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Symmetrization – 2 variables

Properties

� F(x) = f
(
σ0(x)

)
+ f
(
σ1(x)

)
+ f
(
σ2(x)

)
– symmetrization of f

� F is symmetric wrt. the barycenter b, i.e. F
(
σi(x)

)
= F(x),

x ∈ S, i = 0, 1, 2.
� F(vi) = f(v0) + f(v1) + f(v2), i = 0, 1, 2 and F(b) = 3f(b)

�

∫
S

f
(
σi(x)

)
dx =

∫
S

f(x)dx, i = 0, 1, 2

�

∫
S

F(x)dx = 3
∫
S

f(x)dx

� f is convex on S =⇒ F is convex on S
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Symmetrization – 2 variables

Hermite–Hadamard inequality
S ⊂ R2 – a simplex (a triangle) with vertices v0, v1, v2 and
barycenter b, f : S→ R – a convex function

f(b) 6
1

vol(S)

∫
S

f(x)dx 6
f(v0) + f(v1) + f(v2)

3

The inequality between LHH and RHH terms

�

1

vol(S)

∫
S

f(x)dx− f(b) LHH

�

f(v0) + f(v1) + f(v2)

3
−

1

vol(S)

∫
S

f(x)dx RHH

� f : S→ R convex =⇒ 0 6 LHH 6 2RHH
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Symmetrization – 2 variables

The proof goes by
symmetrization F.

� Volume between the base and the surface

0 6
∫
S

F(x)dx − F(b) · area(base)

= area(base) · LHH(F)

� area(base) · LHH(F) 6 2 vol(pyramid)

� vol(pyramid) 6 volume between the surface
and the upper base of a prism

vol(pyramid) 6 vol(prism) −

∫
S

F(x)dx

= area(base) · F(v0) −
∫
S

F(x)dx

= vol(S)
(
F(v0) −

1

vol(S)

∫
S

F(x)dx
)

= vol(S) · RHH(F)
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Symmetrization – 2 variables

� Hence 0 6 LHH(F) 6 2RHH(F).

� By the properties of symmetrization it is trivial to check
that this implies 0 6 LHH(f) 6 2RHH(f).

� The surface of a pyramid is a graph of a convex function.

� Moreover, in this case we get equality above.

� That is why the inequality in question is optimal.

Sz. Wąsowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 13/19



Symmetrization – 2 variables

� Hence 0 6 LHH(F) 6 2RHH(F).

� By the properties of symmetrization it is trivial to check
that this implies 0 6 LHH(f) 6 2RHH(f).

� The surface of a pyramid is a graph of a convex function.

� Moreover, in this case we get equality above.

� That is why the inequality in question is optimal.

Sz. Wąsowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 13/19



Symmetrization – 2 variables

� Hence 0 6 LHH(F) 6 2RHH(F).

� By the properties of symmetrization it is trivial to check
that this implies 0 6 LHH(f) 6 2RHH(f).

� The surface of a pyramid is a graph of a convex function.

� Moreover, in this case we get equality above.

� That is why the inequality in question is optimal.

Sz. Wąsowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 13/19



Symmetrization – 2 variables

� Hence 0 6 LHH(F) 6 2RHH(F).

� By the properties of symmetrization it is trivial to check
that this implies 0 6 LHH(f) 6 2RHH(f).

� The surface of a pyramid is a graph of a convex function.

� Moreover, in this case we get equality above.

� That is why the inequality in question is optimal.

Sz. Wąsowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 13/19



Symmetrization – 2 variables

� Hence 0 6 LHH(F) 6 2RHH(F).

� By the properties of symmetrization it is trivial to check
that this implies 0 6 LHH(f) 6 2RHH(f).

� The surface of a pyramid is a graph of a convex function.

� Moreover, in this case we get equality above.

� That is why the inequality in question is optimal.

Sz. Wąsowicz Symmetrization and convexity I Real Functions Theory, Stara Lesna 2014 13/19



Symmetrization – n variables

� v0 . . . , vn ∈ Rn affinely independent

� S = conv{v0, . . . , vn} – a simplex with barycenter

b =
1

n+ 1

n∑
i=1

vi

� S 3 x =
n∑
i=0

tivi uniquely with ti 6 0, t0 + · · ·+ tn = 1

� C – the set of all cyclic permutations of {0, . . . , n}

� We identify σ ∈ C with the affine transformation σ : S→ S

given by

σ
( n∑
i=0

tivi
)
=

n∑
i=0

tσ(i)vi
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� We identify σ ∈ C with the affine transformation σ : S→ S

given by

σ
( n∑
i=0

tivi
)
=

n∑
i=0

tσ(i)vi
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Symmetrization – n variables

Return for a while to n = 2.

σ0 =

(
0 1 2

0 1 2

)
, σ1 =

(
0 1 2

1 2 0

)
, σ2 =

(
0 1 2

2 0 1

)
, C = {σ0, σ1, σ2}

σ0(t0v0 + t1v1 + t2v2) = t0v0 + t1v1 + t2v2

σ1(t0v0 + t1v1 + t2v2) = t1v0 + t2v1 + t0v2

σ2(t0v0 + t1v1 + t2v2) = t2v0 + t0v1 + t1v2
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Symmetrization – n variables

For f : S→ R and σ ∈ C put fσ(x) = f
(
σ(x)

)

Symmetrization and its properties

F : S→ R, F =
∑
σ∈C

fσ symmetrization of f : S→ R

� F is symmetric wrt. the barycenter, i.e. F
(
σ(x)

)
= F(x),

x ∈ S, σ ∈ C

� F(vi) =
n∑
k=0

f(vk) and F(b) = (n+ 1)f(b)

�

∫
S

fσ(x)dx =
∫
S

f(x)dx, σ ∈ C

�

∫
S

F(x)dx = (n+ 1)

∫
S

f(x)dx
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Symmetrization – n variables

Symmetrization of a convex function
Assume that f : S→ R is convex.

� fσ is convex, σ ∈ C
� The symmetrization F =

∑
σ∈C

fσ is convex
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Symmetrization – n variables

Hermite–Hadamard inequality
S ⊂ Rn – a simplex with vertices v0, . . . , vn and barycenter b,
f : S→ R – a convex function

f(b) 6
1

vol(S)

∫
S

f(x)dx 6
f(v0) + · · ·+ f(vn)

n+ 1

The inequality between LHH and RHH terms

�

1

vol(S)

∫
S

f(x)dx− f(b) LHH

�

f(v0) + · · ·+ f(vn)
n+ 1

−
1

vol(S)

∫
S

f(x)dx RHH

� f : S→ R convex =⇒ 0 6 LHH 6 nRHH
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To be continued

A. Witkowski, Sz. Wąsowicz, On some inequality of
Hermite–Hadamard type, Opuscula Math. 32 (2012),
591–600.

Thank you very much
for your kind attention
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